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Abstract

In this paper we consider the semiparametric transformation model Ag, (Y) = m(X) + ¢, where 0,
is an unknown finite dimensional parameter, the function m(-) = E(Ag, (Y)|X = -) is “smooth” but
otherwise unknown, and the covariate X is independent of the error £. An estimator of the distribution
function of € is investigated and its weak convergence is proved. The proposed estimator depends on
a profile likelihood estimator of 6, and a nonparametric kernel estimator of m. We also evaluate the

practical performance of our estimator in a simulation study for several models and sample sizes.
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1 Introduction

Consider a sample (X1,Y7),...,(X,,Y,) of independent copies of a bivariate random vector (X,Y), that

satisfies the semiparametric transformation model

Ao, (Y) = m(X) + e, (1.1)

o

where ¢ is independent of X and E(e) = 0. Here, {Ag : 0 € O} (with © C RP compact) is a parametric family
of strictly increasing functions defined on an unbounded subset D of R, and m is the unknown regression
function belonging to an infinite dimensional parameter set M. We assume that M is a space of functions
endowed with the norm || - ||pm = || - [[o. We denote 6, € © and m € M for the true unknown finite
and infinite dimensional parameters, and we define the function my(x) = E(Ag(Y)|X = z) and the error
gg =¢€(0) = Ag(Y) — mp(X) for arbitrary § € ©. Clearly, mg, = m.

Our objective in this paper is to estimate the cumulative distribution function (c.d.f.) F.(t) = P(e <1t).
Our estimation approach is based on a two-step strategy which, in a first step, replaces the unobserved
regression errors ¢;’s by semiparametric estimators a(@\) = Aj(Y;) — mgz(X;), where 6 and My are suitable
estimators of 6, and my, respectively. In a second step, the distribution function F; is estimated by the
empirical distribution function of the @(é\)’s as if they were the true errors. To estimate 6, we use a profile
likelihood (PL) approach, developed in Linton, Sperlich and Van Keilegom (2008), whereas for each fixed 6,
mg(x) is estimated by means of the Nadaraya-Watson (1964) method.

To the best of our knowledge, the estimation of the distribution of the error ¢ in model has not
yet been investigated in the statistical literature. On the other hand, there exists a large literature on the
estimation of model when the regression function m is parametric. This is motivated by the fact that
taking transformations of the data may induce normality and homoscedasticity of the error variance in the
transformed model. A major contribution to this methodology was made by Box and Cox (1964), who
proposed a parametric power family of transformations that includes the logarithm and the identity. Lots
of effort has been devoted to the investigation of the Box-Cox transformation since its introduction. See,
for example, Chen, Lockhart and Stephens (2002), Shin (2008), and Fitzenberger, Wilke and Zhang (2010)
for some of the more recent references. Other dependent variable transformations have been suggested, see
for example, Zellner and Revankar (1969), Manly (1976), Bickel and Doksum (1981), and the Arcsinh
transformation discussed in Johnson (1949) and more recently in Robinson (1991). See also the book

of Carroll and Ruppert (1988) and the review paper by Sakia (1992) for more details and references on

parametric transformation models.



Over the last ten years a lot of research has been done on estimation and testing problems under model
(1.1) when Ap, is known and equals the identity function. The starting point was the seminal paper by

Akritas and Van Keilegom (2001), who studied the estimation of the error distribution under the model
Y =m(X)+o(X)e, (1.2)

i.e. a heteroscedastic version of model with Ap, = id. They showed the weak convergence of their
estimator of the error distribution. Their results were generalized by Neumeyer and Van Keilegom (2010) to
the case where the covariate is multi-dimensional, whereas Miiller, Schick and Wefelmeyer (2004) investigated
linear functionals of the error distribution under this model. The estimator of Akritas and Van Keilegom
(2001) has been used in various testing problems related to model (L.2)). See e.g. Neumeyer and Dette (2007),
Dette et al. (2007), Pardo-Ferndndez et al. (2007), Dette et al. (2009), Neumeyer and Pardo-Ferndndez
(2009), Heuchenne and Van Keilegom (2010), among many others. Tests for the validity of model have
been developed in Einmahl and Van Keilegom (2008a,b) and Neumeyer (2009b), whereas the consistency
of a smooth bootstrap procedure has been shown by Neumeyer (2009a). Finally, model has also been
applied in other contexts, like e.g. for estimating ROC curves (see Gonzdlez-Manteiga et al., 2011) and for
estimating the production frontier in efficiency analysis, where one analyzes how firms transform their inputs
to produce a set of outputs (see Florens et al., 2014).

A major element of our estimation procedure is the estimation of the parameter 6,. As mentioned
before, we will make use of the results in Linton, Sperlich and Van Keilegom (2008) to this end. In the latter
paper, the authors propose two estimation approaches for 6,. The first approach is a semiparametric profile
likelihood (PL) approach, whereas the second one is based on a ‘mean squared distance from independence
(MD)’-idea using the estimated distributions of X, 9 and (X, eg). Linton, Sperlich and Van Keilegom (2008)
derived the asymptotic distributions of their estimators under certain regularity conditions, and proved that
both estimators of 8, are asymptotically normal. The authors also showed that, in practice, the PL. method
outperforms the MD method. For this reason, we focus in this paper on the PL method.

The remainder of the paper is organized as follows. In Section 2 we introduce some notations and give
the precise definition of our estimator of the error distribution. In Section 3 we present the main asymptotic
results of the paper, together with the assumptions under which they are valid. The results of a simulation
study are given in Section 4, while the proofs of the main results are collected in Section 5 and in two

appendices.



2 The estimator

Our estimation procedure for the error distribution F. exists of two steps. In a first step, we estimate the
finite dimensional parameter 6,. This parameter is estimated by the profile likelihood (PL) method, studied
in Linton, Sperlich and Van Keilegom (2008). To this end, note that under model ([1.1]), we have

P(Y <ylX) =P (Ag, (V) < Ag, (y)|X) =P (0, < Ao, (y) — mo, (X)|X) = Fz (Ag(y) —mo, (X))

Therefore
fyix lo) = f- (Ao, (y) — mo, () Ag, (),
where f. and fy|x are the densities of €, and of Y given X, respectively. Then, the log likelihood function

with respect to 6§ € © is given by
> {log fo, (Aa(Y;) = ma(X;)) +log Ag(Y7)}
i=1

where f., is the density function of €y. The idea of the PL method is to replace all unknown expressions in

the likelihood function by nonparametric kernel estimators. For this, let

o i A (YKL ()
mg(z) = e (Xi{"”; (2.1)

be the Nadaraya-Watson (1964) estimator of mg(z) based on the ‘responses’ Ag(Y;), i =1,...,n, and let

~ o0 1< gi(0) —t
fm(t)—ng;Kz( p ) (2.2)

be a kernel estimator of the density of (), where £;(0) = Ap(Y;) — Mmo(X;). Here, K; and Ks are kernel

functions and h and g are appropriate bandwidth sequences, tending to zero as n tends to infinity. This

leads to the following PL estimator of 6,:
6= arg m@Z [10g 2, (R0(Y3) = g (X)) + log Ay (¥3)] - (23)

Since the estimator my(X;) converges to mg(X;) at a slower rate for those X; that are close to the boundary
of the support X of X, we assume implicitly that the estimator 9 trims the observations X; that are outside
a subset A of X. Note that by doing so, we keep the root-n consistency of ) proved in Linton, Sperlich and
Van Keilegom (2008).

Next, we use the estimator 6 to build the estimated residuals a(g) = A;(Yi) — my(X;). Then, our proposed
estimator ﬁg(t) for F_(t) is defined by

ort (a(é) < t) : (2.4)

i=1

F(t) =



In order to obtain the asymptotic distribution of this estimator, we will also need the (unfeasible) estimator
F.(t) = LS 1(g; < t), based on the true, but unknown errors &; = ;(6,) = Ag, (¥;) — m(X;). It will

turn out that both the expressions Fx(t) — F.(t) and F(t) — F.(t) contribute to the asymptotic distribution

of the estimator Fx(t) (see Section 3 for more details).

3 Asymptotic results

Before we give the main asymptotic results of this paper, we first need to introduce a number of notations,

and we also give the assumptions under which these results are valid.

3.1 Notations

We denote 2, = {(X;,Y;) : j = 1,...,n} and Fyx(ylz) = P(Y < y|X = z). When there is no
ambiguity possible, we use the abbreviated notations ¢ and m to indicate €9, and mg,. Throughout
the paper, N'(6,) represents a neighborhood of 6,. For the kernel K; (j = 1,2) and for any ¢, let
(g, Kj) = [v1K;(v)dv and let KJ(.Q) be the gth derivative of K;. For any function ¢y (y), denote ¢q(y) =
D0 (y) /00 = (Dpa(y)/001,...,000(y)/06,)" and wy(y) = Ope(y)/dy. Also, let [|All = (A*A)'/? be the
Euclidean norm of any vector A. For any functions m, r, f, ¢ and ¢, and any 6 € ©, let s = (m,r, f, ¢, q),

s0 = (Mo, 10, fey, [1,0 f2o)s €:(0,M) = Ag(Y;) — (X;), and define

Gul5) =Y {M a6, A0 ) = 06} + ales0. )] + 2000 } ,
i=1 LA !

G(0,s) = E[G,(0, )] and G(0,,s0,) = ZG(0, 59)|9:90.
For any compact subset I in R with nonempty interior and for any o > 0 and 0 < M < oo, let C’h}m (I

represent the class of all differentiable functions d defined on I such that ||d||1+e < M, where

! (o
ld||1+o = max {sup \d(m)\,sgp |d’(:c)|} + sup M

b
z,z’ |z — [

and where all suprema are taken over I.

3.2 Technical assumptions

(A1) The function K; (j = 1,2) is symmetric, has compact support, [v*K;(v)dv =0for k=1,...,q; — 1

and [v% K;(v)dv # 0 for some ¢; > 4, and Kj is twice continuously differentiable.



(A2) The bandwidths h and g satisfy nh2% = o(1), ng?? = o(1), nh® *(logh=1)~! — oo and ng®(logg=1)~2

— oo when n — oo (where ¢; and g are defined in (Al)).

(A3) (i) The support X of the covariate X is a compact subset of R, and Xy is a compact subset with
nonempty interior inside the interior of X.
(ii) The density fx is bounded away from zero and infinity on X, and is ¢; — 1 times continuously differen-

tiable.

(A4) The function mg(z) is continuously differentiable with respect to § on X x N(6y), and the functions
mg(x) and rg(x) are q; times continuously differentiable with respect to z on X x N (6y). All derivatives

are bounded, uniformly in (x,0) € X x N(6,).
(A5) The error € = Ay, (Y) — m(X) has finite fourth moment and is independent of X.

(A6) The distribution F,|x (t|x) of ¢ is three times continuously differentiable with respect to ¢ and ¢, and

ak+€

otho8" .. o9 Feolx(tle)

< 0

up
6,t,x
for all k and ¢ such that 0 <k + ¢ < 2, where { = /{1 + ...+ {, and 6 = (61,...,0,)".

(A7) (i) The transformation Ag(y) is three times continuously differentiable with respect to both 6 and y,
and there exists a > 0 such that
8k+£

E - -
Oykoet ... o0k

sup
0210’0 <a

AQI(Y)H < 00

for all € ©, and for all k£ and ¢ such that 0 < k+ ¢ < 3, where £ = {1 + ...+ ¢, and 0 = (6,...,0,)".

Moreover, sup,c y ||IE[A§D )X = 2]|| < 0.
(ii) The density function of (Ag(Y), X) exists and is continuous for all § € ©.

(A8) For all > 0, there exists e(n) > 0 such that

inf  |G(0, se)|| > e(n) > 0.
[16—65]1>n

Moreover, the matrix G(6,, sp,) is non-singular.
(A9) E(Ag, (Y)) =1, Ap,(0) = 0 and the set {x € Xp : m/(x) # 0} has nonempty interior.

Assumptions (A1), part of (A2), (A3) (i) and part of (A3)(ii), (A4), (A6), part of (A7)(i) and (A8) are

used by Linton, Sperlich and Van Keilegom (2008) to show that the PL estimator 0 of 0, is root n-consistent.



Part of assumptions (A2), (A3) (ii) and (A7) (i), assumptions (A5) and (A7) (ii), are needed to obtain the
uniform convergence rates of the Nadaraya-Watson estimator mz(x) and its derivatives with respect to x

and 0. Finally, (A9) is needed for identifying the model (see Vanhems and Van Keilegom (2013)).

3.3 Main results

The estimator F\g(t) is not a sum of independent terms. Therefore, we start by constructing an asymptotic
representation for ﬁg(t), which decomposes ﬁg(t) in essentially four parts. The first one equals the empirical
distribution function based on the true errors ¢;’s, the second and third parts account for the replacement
of the unknown my, (X;) and Ag,(Y;) in g; by mz(X;) and Agz(Y;), while the last part is asymptotically
negligible.

Theorem 3.1. Assume (Al)-(A9). Then,
Fx(t) - F.(t) = *Zqﬁ@ (t, X:,Y;) + Ru(t),
where sup{|R,(t)| : —oo < t < +oo} = op(n~1/2),

b6, (t,2,y) = Loy (Mo, (y) — m(x)) — Fe(t) + fe(t)(Ag, (y) — m(x)) + pb, (z,y)h(t),

1 4(+) denotes the indicator function, o—0, = LS po,(X;,Yi) +op(n'/?) is the i.i.d. representation given

in Theorem 4.1 of Linton, Sperlich and Van Keilegom (2008), p* denotes the transpose of p and

0
h(t):E 80 €6|X t‘X ’0 6,

We continue with the statement of the weak convergence of the process n'/2(Fx(t) — F.(t)) (—oo < t <

+00).

Corollary 3.1. Suppose that the assumptions of Theorem are satisfied. Then, the process ’Z\n(t) =
nl/z[ﬁg(t) — F.(t)], —oo < t < 400, converges weakly to a zero-mean Gaussian process Z(t) with covariance

function

Cov (Z(t), Z(')) = E (¢, (t, X,Y)dg, (', X,Y)).



4 Simulations

In this section, the finite sample performance of our estimator ﬁg(t) is investigated. This is achieved through

simulations described hereunder. Consider the following transformation model:

Mg, (V) = by + by X% + by sin(nX) + oee, (4.1)

o

where Ay is the Box-Cox (1964) transformation:

L 040,
Ao(y) =3 *
1Og(y)a 0= 07

X is uniformly distributed on the interval [—1,1] and ¢ is independent of X. For F.(-), we study two situa-
tions: first, a standard normal distribution and, second, a mixture of the normal distributions N(—1.5,0.25)
and N(1.5,0.25) with equal weights. In each case, the distribution is truncated on [—3,3] (namely, the
corresponding densities are put to zero outside the interval [—3,3] but their integrals on this support are
equal to one). This allows generating only nonnegative Ay, (Y;), i = 1,...,n. Finally, 6, = 0, 0.5 or 1. Three
different model settings are considered. For each of them, bs = by — 30.. The other parameters are chosen
as follows:

Model 1: by = 6.5, by =35, o, = 1.5;

Model 2: by =4.5, by =35, o.=1;

Model 3: by =2.5, b =25, o,=0..

One hundred samples of sizes n = 100 and n = 200 are generated and the Epanechnikov kernel

K(z) = 12(1 — 2%)*1(|z| < 1) is used for both the estimators of the regression and the density functions.

For the estimation of 0y and F.(t), we proceed as follows. Let

n

Lo(h,g) = Y, [log Jo, (5:(6, 1)) + log Ay (¥:)] .

i=1
where €;(0,h) = Ag(Y;)—me(X;, h) and mg(xz, h) denotes mg(z) constructed with bandwidth A. This function
will be maximized with respect to 6 for given (optimal) values of (h, g). For each value of 6, h*(6) is obtained
by least squares cross-validation,

h*(0) = arg m}jn§(A0(m —n_ie(Xi))?,

where
n X=X
g MoK ()

n X,i—X;
Z]:],]#ZK( ]h )

m_;9(X;) =




and g can be chosen with a classical bandwidth selection rule for kernel density estimation. Here, for sim-
plicity, the normal rule is used (§(0) = (40y/7)/5n 155 1+ (g)), where Gzg 1+ (g)) is the classical empirical

estimator of the standard deviation based on &;(0, h*(0)), i = 1,...,n). The solution
6 = arg max Lo(h*(0),9(9))

is therefore obtained iteratively (maximization problems are solved with the function ‘optimize’ in R with

h €10,2] and 6 € [—20,20]) and the estimator of F.(t) is finally given by
~ 1< A
F(t) = =Y 1(2@.m @) <t).
i=1

Table [1] (respectively Tables [3] and [4]) shows the bias, the variance (Var) and the mean squared error
(MSE) of the estimator Fx(t) of the distribution of the standardized error & = (Ag(Y) — mp(X)) /0, for
t=—-1,t=0and ¢t =1 (respectively t = —1.5,t = —1,t =0, ¢t = 1 and ¢t = 1.5) and for the unimodal
(respectively bimodal) normal error distribution. Dividing by o, only aims at comparing models 1, 2 and 3
(modes are the same); in practice, if we would rather construct a standardized version of F(t), a (global)
estimator of o, should be introduced in the procedure. Moreover, Tables 2] and [5] show the integrated mean
squared error (IMSE) of Fx(t) for both assumed error distributions.

As expected, we can observe (in particular from Tables 2| and [5)) that estimation improves for sample
sizes going from n = 100 to n = 200 and is better for the normal error density than for the mixture. These
tables also suggest that a larger o, globally leads to worse results. In these simulated examples, the best

results are clearly obtained for the logarithmic transformation and deteriorate when 6, increases.

5 Proofs

5.1 Auxiliary results

This section states a number of results concerning the estimators mg(x), me,(x) and Az(Y'), which are
needed for proving Theorem [3.1] These results are of independent interest and their proofs can be found in

Appendix A.

Proposition 5.1. Assume (A1)-(A9). Then,

sup [ig() —ma, (@)] = O ((nh) /% (log h™1)1/2).
reXp



Model fo n = 100 n = 200

Fx(-1)  F:0)  F«1) | F(-1) F=0) F:(1)
Bias -2.13 -0.74 2.33 -0.63 -0.68 0.66
0o =0 Var 54.86 10.74 60.90 35.09 4.18 34.56
MSE | 59.38 11.29 66.31 35.49 4.63 34.99

bop =6.5 Bias -2.20 -0.88 2.57 -0.40 -0.61 0.48
by =5 | 0p=0.5| Var | 128.71 10.73 126.17 | 75.15 4.22 77.49
oe =15 MSE | 133.53 11.51 132.75 | 75.31 4.59 77.73

Bias -2.38 -0.87 2.90 -0.11 -0.59 0.31
Var | 152.11 10.98 146.01 | 101.49 4.65 96.59
MSE | 157.75 11.74 154.39 | 101.50 5.00 96.68
Bias -2.25 -0.74 2.34 -0.78 -0.64 0.62
6o =10 Var 49.29 11.27 52.96 27.26 4.31 30.33
MSE | 54.33 11.81 58.41 27.87 4.71 30.72

6o

|
—

by =4.5 Bias -1.86 -0.75 2.07 -0.47 -0.68 0.54
by =35 1]6,=0.5| Var | 112.15 11.60 107.15 | 62.40 4.14 61.93
oe =1 MSE | 115.59 12.17 111.42 | 62.62 4.59 62.21

Bias -1.54 -0.76 2.08 -0.64 -0.64 0.65
Op=1 Var | 139.96 11.42 135.58 | 88.93 4.29 85.20
MSE | 142.35 11.99 139.89 | 89.34 4.70 85.62
Bias -1.48 -0.52 1.29 -0.96 -0.69 0.71
6p=0 Var 40.46 10.98 41.96 21.11 3.85 22.93
MSE | 42.64 11.25 43.62 22.02 4.32 23.43

by =2.5 Bias -1.55 -0.46 1.14 -0.91 -0.72 0.65
by =25 | 6,=0.5]| Var 78.60 11.44 92.06 45.07 3.86 46.43
0. =0.5 MSE | 80.99 11.65 93.35 45.89 4.37 46.85

Bias -1.17 -0.58 1.25 -0.78 -0.76 0.55

=1 Var | 100.62 11.70 103.77 | 56.34 3.81 56.16
MSE | 101.98 12.04 105.33 | 56.95 4.38 56.46

Table 1: Bias(Fx(t)) (x102), Var(Fx(t)) (x10%) and MSE(Fx(t)) (x10%) for different models, values of ¢ and

sample sizes, when f.() is a standard normal density.

10



Model fo n =100 | n =200
bo=65| 6p=0 | 2820 15.78
by=5 | 6p=05| 82.73 36.80
ce=15] 6p=1 | 95.59 56.26
bo=45 | 6,=0 | 25.13 13.04
by =35 | 6,=05| 59.91 30.20
ce=1 | 6p=1 | 80.95 49.67
bo=25| 6,=0 | 20.54 10.25
by =25 | 6,=05| 43.77 20.59
0e=05] =1 | 56.73 26.03

Table 2: IMSE(Fx(t)) (x10%) for different models, values of ¢ and sample sizes, when f.(-) is a standard

normal density.

Proposition 5.2. Under (A1)-(A9), we have

sup [ig(x) —my, ()] = Op((nh®) "/ (log h=")'/?).
TEXy

Proposition 5.3. Assume (A1)-(A9). Then, for all § € (0,1),

mi(x) — mh () — mi(z) +m) («'
sup | 0( ) 90( ) /96( ) 90( )l :Op((nh3+25)_1/2(10gh_1)1/2).
x,x’ €Xy |$ _-T|

Proposition 5.4. Let Var,(-) be the conditional variance given 2y, and assume that (A1)-(A9) hold. Then,

Var,, []l (Aa(Y) <t+ ’fﬁg(X)) -1 (Ago (Y) <t+ ng(X))] = Olp(l).

Proposition 5.5. Assume (Al1)-(A9). Then,

[ e, @) = ma, (@) dFx () =07t S (g, (1) =m0, (X0) + e K [ (0] + 02 (),

i=1

where mé‘i) (z) denotes the g—th derivative of my,(x) with respect to x.

11



Model 0o n = 100

F:(—15) Fe-1) F{0) Fe1) Fe(15)
Bias -4.83 -7.14 -0.09 5.45 3.84

0o =0 Var 57.44 27.40 20.95 25.03 49.03
MSE 80.70 78.34 20.96 54.70 63.77

bop =6.5 Bias -8.33 -11.09 -0.14 9.43 7.85
by =5 | 0p=0.5| Var 106.59 83.41 20.55 87.30  101.71
oe =10 MSE 175.98 206.34 20.57 176.18  163.33

Bias -9.03 -12.37 -0.09 10.37 8.30
Op=1 Var 128.39 103.06 20.10 115.22  138.46
MSE | 209.93 256.01 20.11 22270  207.35
Bias -4.92 -7.45 -0.16 5.78 4.00
0p=0 Var 52.07 33.71 20.04 30.88 46.08
MSE 76.28 89.17 20.06 64.25 62.08

by =4.5 Bias -7.29 -9.96 -0.18 8.38 6.85
by =35 | 6p=0.5| Var 90.41 67.51 20.84 68.86 81.26
0. =1 MSE 143.55 166.66 20.87 139.04 128.18

Bias -8.32 -11.09 -0.18 9.56 7.73
Op=1 Var 109.51 85.19 20.67 91.99 102.16
MSE 178.74 208.12 20.71 183.33  161.91
Bias -5.73 -8.30 -0.22 7.00 5.39
0p=0 Var 54.40 34.58 21.43 36.19 49.72
MSE 87.23 103.43 21.47 85.15 78.77

bp =25 Bias -6.81 -9.63 -0.30 8.14 6.29

by =25 | 60p=05| Var 82.54 59.52 21.04 53.56 75.14

0. =0.5 MSE 128.92 152.21 21.13 119.78  114.70
Bias -7.71 -10.80 -0.25 9.35 7.31

Op=1 Var 99.68 73.63 21.32 72.65 96.30
MSE 159.13 190.21 21.38 160.02  149.73

Table 3: Bias(Fx(t)) (x102), Var(Fx(t)) (x10%) and MSE(F=(t)) (x10%) for different models, values of ¢ and
n = 100, when f.(-) is a mixture of two normal densities (N(—1.5,0.25), N(1.5,0.25)) with equal weights.
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Model 0o n = 200

F(-15) F«(-1) F:A(0) FA(1) F«(15)
Bias -2.47 -3.93 0.01 3.22 1.82
0o =0 Var 37.46 12.96 10.34 11.20 28.77
MSE 43.53 28.42 10.34 21.58 32.06

bp =6.5 Bias -4.69 -5.88 -0.02 4.72 4.43
b1 =5 | 0p=05| Var 81.25 33.96 10.38 32.59  73.38
oe =15 MSE | 103.20 68.51 10.38 54.89  93.01
Bias -5.97 -6.80 -0.04 5.45 5.45

Op=1 Var 105.76 51.05 10.32 4779  97.34

MSE 136.73 97.26 10.32 77.46  127.04
Bias -2.65 -4.20 0.04 3.42 1.95
0p=0 Var 34.76 13.85 10.40 15.05  28.90
MSE 41.76 31.46 10.40 26.76  32.70
by =4.5 Bias -4.18 -5.19 0.02 4.25 3.76
by =35 | 6p=05| Var 66.39 24.66 10.32 24.88  55.39

oe=1 MSE 83.86 51.62 10.32 42.92  69.69
Bias -4.73 -6.06 0.00 4.91 4.40

Op=1 Var 86.47 36.52 10.39 3713 77.11

MSE 108.80 73.27 10.39 61.21  96.47

Bias -2.73 -4.42 -0.07 3.72 2.52

0p=0 Var 26.57 10.74 10.01 10.44  22.37

MSE 34.00 30.30 10.02 2426  28.70

bp =25 Bias -3.60 -4.91 -0.07 4.17 3.26
by =25 | 0y =0.5| Var 48.62 17.48 10.07 16.90  38.65
0. =10.5 MSE 61.54 41.61 10.08 34.27  49.28

Bias -4.10 -5.28 -0.08 4.45 3.79
Op=1 Var 57.91 21.34 10.01 21.46  47.42
MSE 74.68 49.24 10.02 41.28  61.78

Table 4: Bias(Fx(t)) (x102), Var(Fx(t)) (x10%) and MSE(F=(t)) (x10%) for different models, values of ¢ and
n = 200, when f.(-) is a mixture of two normal densities (N(—1.5,0.25), N(1.5,0.25)) with equal weights.
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Model 6o n =100 | n =200
bop=65| 6p=0 | 3586 17.80
by=5 | 6,=05| 80.74 | 38.92
ce=15| =1 | 10591 | 51.24
bo=45| 6,=0 | 37.23 17.19
by =35 | 60,=05| 6628 | 30.42
ce=1 | 6o=1 | 83.10 | 40.66
bo=25| 6p=0 | 43.50 14.87
by =25 | 0,=05| 6554 | 23.19
ce=05| 6p=1 | 81.86 | 27.40

Table 5: IMSE(F=(t)) (x10%) for different models, values of ¢ and sample sizes, when f.(-) is a mixture of
two normal densities (N(—1.5,0.25), N(1.5,0.25)) with equal weights.

Proposition 5.6. Assume (A1)-(A9). Then,

P (Ay(Y) — ig(X) < t]23) — P (A, (Y) — mg, (X) < 1)

0
= n! ZEifs(t) + (é\— Ho)th(t) + pot fziff)lu(qh K)E [m(g((l)l)(X)} + Ra(b),
i=1 -

where sup{| R, (t)| : t € R} = o(h9') + op(n~1/?).

The proofs of these propositions are given in Appendix A.

5.2 Proofs of the main results

This section contains the proofs of Theorem and Corollary Some technical results needed in the
proof of Theorem are deferred to Appendices A and B.
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Proof of Theorem [3.1]

The result of the theorem directly follows from Lemma [I]in Appendix B and Proposition [5.6] Indeed, using

the latter results and the notations in the statement of the theorem, we have
Fx(t) = Fo(t) = n7' ) {1 (Mg, (V) — mo,(X) <t) = F-(t)}
i=1
+ P (Ag(Y) = mg(X) < t]25) = P (Ao, (V) = ma, (X) < t) + 0p(n"/?)

= ') {L(e <) - Fe(1))
=1
+ 0D e fe(t) + (0 — 00)' (L) + 0p(n /),
=1
where the last term op(n~1/2) is uniform in ¢. O

Proof of Corollary

To show the weak convergence of the process Zn(t) (—o0 < t < 400), we make use of the techniques
developed in Van der Vaart and Wellner (1996), involving the theory of bracketing numbers. In particular,

we will show that (see Theorem 2.5.6 in that book)

Amw%mﬁfjﬂm¢<m (5.1)

where N[ is the bracketing number, P is the probability measure corresponding to the joint distribution of
(X,Y), Lao(P) is the Ly-norm, and
F={¢o,(t,X,Y): —00 <t < +o0}.

Proving this entails that the class F is Donsker and hence the weak convergence of the given process follows
from pp. 81-82 in Van der Vaart and Wellner’s book. The two last terms of ¢, (¢, X,Y") are the product of a
random factor that is independent of ¢ and a deterministic function, while the term 1[Ag, (V) —myg, (X) < {]
is decreasing in Ag, (V) —mg, (X). Hence, O(exp(Ke 1)) brackets are needed for this term by Theorem 2.7.5
in the aforementioned book. This concludes the proof, since the integration in (5.1)) can be restricted to the

interval [0, 2M], if the functions in the class F are bounded by M (for € > 2M we take Njj(e, F, L2(P)) = 1).

a

Appendix A. Proof of the auxiliary results

This appendix presents the proof of the propositions stated in Section 5.
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Proof of Proposition

Let ¢, = (nh)~Y?(logh~1)'/2? and write
mg(x) —mo, (x) = (e, (x) —me,(2)) + (Mg(x) — Mg, ().

We need to show that each of the above terms is Op(c,) uniformly in z € Ay. The term My, (z) — mg, () is
treated by Lemma [2| in Appendix B. Consider mg(z) — mg, (z). Since 0 — 0, = Op(n~/2) by Theorem 4.1
in Linton, Sperlich and Van Keilegom (2008), a Taylor expansion applied to the function § — Mg (z), yields

(to simplify notations, we assume here that p = dim(0) = 1)

g(e) g, (2) = (T O0)ina, () + (0~ 0, (a)
— Os(n ) (nhfx( ZAg (Xh_m)
+ Op(n~ Y (nhfx(z Z Kg-(Y; <Xh‘ x) , (A.2)

where 6* is an intermediate value between 6, and @, and where fx (z) = (nh)~? S K 1(X]hfz). Moreover,

by Lemma 2 (in Appendix B), (A7)(i) and the Markov inequality, it can be shown that

(nhfx(z ZA (th> =0p(1), (nhfx(z 121\9* ; (th> = Op(h™Y),

uniformly in © € Xy. Substituting these orders in (A.2)), gives

() = g, (x) = Op(n~"/?) = Os(ca),
uniformly in z € Xy under (A2). This completes the proof of the proposition. O
Proof of Proposition
Let ¢, = (logh=")Y2(nh3)=1/2 and write
() —my, (x) = (g, (¥) — mp, (z)) + (Mg(x) — My, (). (A.3)

We need to show that each of the above terms is Op(c),) uniformly in 2 € Aj. Consider the first term
f (A.3) and note that E[A§ (Y)|X = 2] < C (|mg,(x)|* + E[*]), for some C' > 0. Since E[e*] < oo, the
compactness of X and the continuity of mgp, ensure that E[Ago(YﬂX = z] < oo uniformly in z € Xy. Then

using arguments similar to Theorem 2 in Einmahl and Mason (2005) and Lemma 2 in Appendix B (extended
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to derivatives with respect to x) leads to sup, |y _(x) —my (z)| = Op(c},). For the second term of (A.3), we

have similarly to the proof of Theorem (for some 0* between 6, and 6 and p = 1 to simplify notations)

~

(z) — iy, (2) = (@~ 0,)ing, (@) + (0 — 0,) g (x)
~ d [0 Mg, (Vi) Ky (£572)

o~

(00" Fx (@) & R(Ror. ) — Rk ,2) e (a)
2 Fx (@)

where R(A,z) = 2 57" | A(Y;)K; (£472). Since 9 — 6, = Op(n1/2) by Theorem 4.1 of Linton, Sperlich

+

, (A4)

and Van Keilegom (2008), the first term on the right hand side of the above expression is Op(n~'/?) using
the same arguments as above (Einmahl and Mason (2005) and Lemma 2 in Appendix B) applied to the data
Mg, (Y;), i =1,...,n, while the second term is treated with assumptions (A3)(ii), (A7)(i) and the Markov

inequality. This finishes the proof. O

Proof of Proposition [5.3

Let ¢, = (logh~1)Y/2(nh3+20)=Y/2 d,(z) = img(z) —me, (z) and define B, (z,2’) = |z —2'|~%|d}, (z) —d,(2')].
We need to show that sup, ,, |Bn(x,2")| = Op(c,). Note that by Propositionthe result is straightforward
when |z — 2’| > Ch, for some C > 0. Let us now consider z and 2’ such that |z — 2’| < Ch. Then a Taylor

expansion applied to |d,, (z) — d],(z')| gives

B (@, 2" )1 (|2 — 2| < Ch)

IN

1(|lz —2'| < Ch) |z — 2'|'* sup |d, (z)]

< (Ch)'"°sup |d;)(2)],

so that the result of the proposition holds if sup, |d”(z)| = Op((log h=')*/?(nh®)~1/2). For this, arguments
similar to Einmahl and Mason (2005) and Lemma 2 in Appendix B (used in the same way as in Proposition
D enable to show that my (z) — my () = Op((log h=1)Y2(nh®)=1/2) uniformly in z. Moreover, in a
completely similar way as done for (A.4) in the proof of Proposition it can be shown that T?L'el(x) -
my (r) = Op((log h=1)Y/2(nh®)~1/2) uniformly in 2. This finishes the proof of the proposition. m
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Proof of Proposition [5.4

Write

Var, [1{AG(Y) <t +5(X)} — 1{Ag, (V) < t +mg, (X)}]
< 2Var, [1{A;(Y) <t+mo, (X) + dn(X)} = 1{Ag, (V) <t +mp,(X) + dn(X)}]

- 2Var, [ {Ag, (V) < ¢+ mg, (X) + du(X)} — 1 {Ag, (¥) < 1+ ma, (X)}]. (A.5)

We will show that each of the above terms is op(1) as n — oo. For the first term of (A.5)), let A 5(z) =
t+mg, (2) + dn(z), ®n(0,2,y) =P(Y < Vo(y)|z, Z3), Vo(y) = A, ' (y) for all 6 € © and write

Var, [1{Ag(Y) < t +mo, (X) + dn(X)} — 1 {Ag, (V) < t +1mg,(X) + dy(X))]

IN

E[(1{A5(Y) < A,5(X)} ~ 1{86,(¥) < 4,5(0)})’ |23
= 1B V34, 5@ o 23) = Fyix(Va, (4,5 o, 3 dFx (0
= 00" [ I Fex (VoA g@Dle. 73,y dFx (o)

for some 6* between 6, and 6. This term is thus op(1) by (A6) and the fact that f—0,= Op(n=1/2).
Consider now the second term of (A.5)).

Vary, [1 (Mg, (Y) <t 4 mg,(X) + dn(X)) = 1 (Mg, (Y) < T+ myg, (X))]

< B [{1(Y < Vi, (4 mo, (X) + (X)) = LY < Vi, (t+mo, (X))} |2

/ |FY|X(V90 (t + me, ({E) + dn(x)”xa %n) - FY|X(V00 (t + me, (x))|$)|dFX(x)

IN

0
K sup |d,,(z)| sup a—Fy|X Vo(y)|z)],
x 0,x,y Y

for some K > 0. This term is op(1), since sup, |d,(x)| = op(1) uniformly in z. This finishes the proof. O

Proof of Proposition [5.5

Let ¢, = (nh)~Y/?(logh~')'/? and note that

/ (g, () — mo, (x))dFx (z)

fx(@) fx(@) = fx(@)) -
(@) (Mo, (x) — ma, (2))dFx (z) + / <w> (Mo, (x) —my, (2))dFx (2)
= A, + By, (A.6)
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where fx(z) = (nh)~? > K1 (%=2). For the first term above, write

h
= fX(x)ﬁL x) —my (x T
A = [ BB, ) - o, )aFx(a)
= Y [ (o, () = o o) 1 (K ) X

— (h)! ; [ 0,06 = ma, (XK (Xih‘ x) da

# 3 [ (050 = o, )3 (T2 ) o

— Ay, + Ao, (A.7)

Next,

M = )Y [0, () = o, () () do
= Y (e, () — e, (X)), (28)
=1

For the second term of (A.7), a Taylor expansion applied to mg,(-) yields

03 () = o, oy (K55 ) s

A2n

=ty / (o, (X;) — ma, (Xi — vh)) K1 (v)dv
%nil Z mézl)(Xi) / v Ky (v)dv + op(h™). (A.9)
: i=1

Hence by (A.9), (A.8), (A.7) and (A.6)), the result of the proposition holds since B,, = op(h?) by assumption
(A2). O

Proof of Proposition [5.6

Let ¢, = (nh)~'/2(log h=1)'/? and write

P (A5(Y) = mg(X) <t|25) =P (Mg, (Y) —mg,(X) <)

[P (A, (Y) — g, (X) < t]20) =P (Mg, (Y) —my, (X) <1)]

+ [P (A(Y) = fig(X) < 1]23) — B (g, (Y) — g, (X) < 1] 23,)] . (A.10)
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Consider the first term above. By Lemma [2|in Appendix B, we have mg_(x) — myg, () = Op(c;,,) uniformly

in z. Then, applying a Taylor expansion to Fy|x(Vp,(-)|r) and using assumption (A6),

Fyx (Va, (t + g, (2)) |2, 20) — Fyix (Va, (t +mg, ())|z) = (Mg, () —mq,(z)) J

5 Fv1x (Vo (t +mo, (2))]2)

+0p(ch),

where the term Op(c2) is uniform in ¢ and z. Therefore, since f.(t) = %pr{(‘/go (t + mg, (z))|z) for all =

and ¢ = o(h4),

P (Ag, (Y) = mo, (X) < t[Z3) = P (Ag, (V) — g, (X) < 1)

= [ 1By (Vo ¢+ e, (@) 23) = Py x (Vo (¢ + ma, (@) o)) dFxc(z)

= [ 0, 0) 0, (@) 5 Fy (Vi (¢ 4+ 1, () ) (2) + O (2)

£.(6) [ (o, (z) = mo, (@)dFx(2) + Oc(c)
O s e, KB (X)) + os (), (A1)
i=1 ’

using Proposition and where op(h?') is uniform in ¢. For the second term of (A.10), let ®.(6,z,y, Z5) =
Fyx (Vo(t 4 y)|z, Z). Then, applying a Taylor expansion to the function § — ®;(6,z,mg(x), Z;) and
using (A6) and (A7)(i), we have

P (Ag(Y) — mg(X) < | 25) — P (Mg, (V) — g, (X) < t[:27)
= @-0) [ L @,0.2.m
- ( - 0) @ [(I)t( 7I7m9(‘r)7=%.n)7(I)t(0axam9(l‘))}l9:00 dFX(I)
~ d
F O 00)" [ 5 l6,2,m(@) ]y, dPx (@) + ox( )
where op(n~1/2) is uniform in ¢. Using the uniform consistency of g, () and g, (z) stated in Lemma
(Appendix B) and (AG6),

A= (@6, / d% (40, 2, 710 ()| 22) — Du(0, 2, mo ()] | _, AFx(2) = 0p(n""7?).
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Therefore

P (A5(Y) — iig(X) < t|20) =P (Ag, (V) — g, (X) < | 23) = By + op(n”"/?)
_ (G-0,) / d% 0.0, 2, me(@)) | ,_, dFx()+os(n"12)
= G- 8| g5 P (olt 4 maCO)X) L, | + ontn)
= (6—05)'h(t) + 0s(n™'/?),

where the term op(n~'/2) is uniform in ¢t € R. The result of the proposition now follows from the above

equality, (A.11)) and (A.10]). O

Appendix B

We start this appendix with a technical result needed in the proof of Theorem

Lemma 1. Assume (A1)-(A9). Then,

n—l

. (Xi) <t)

n
1=

{11 (Ag(Y:) — mg(X;) < t) — 1 (Mg, (Y:) — me

uniformly for t € R.

Proof

Note that Az(Y) —mg(X) = Az(Y) —my,(X) — dn(X), where d,,(X) = mz(X) —my,(X). The proof of the

lemma is based on results in Van der Vaart and Wellner (1996). Define
F = {(x, y) = L (Ao(y) <t+myp, (z)+d(z)), Ap : R — R strictly increasing,
0O, tcRandde 011+5(X0)}.

We observe that by Propositions and E we have P (dn € C’%H(XO)) — 1 asn — oo. In a first step,
we will show that the class .%; is Donsker. From Theorem 2.5.6 in Van der Vaart and Wellner (1996), it

follows that it suffices to show that

/ \/log Ny(&, 1, La(P))de < oo, (B.1)
0
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where N[ is the bracketing number, P is the probability measure corresponding to the joint distribution of
(Y, X), and Ly(P) is the Ly-norm.

Embed © into a hypercube [07,0}] x --- x [0}, 0] of dimension p, and for each j = 1,...,p, let §% =
foj < 015 < ... < Opy; = 0% partition the finite interval [65,6%] into m; = O(£7?) intervals of length
O(&%). This results in a partition of © into at most [[%_, m; = O(6~?") hypercubes, which we denote by R;,
i=1,..., Hle mj. For each nonempty R;, let T4(Y) = mingeg,ne Ag(Y) and T¥(Y) = maxger,ne Ao(Y).

For the class C}17°(Xp), Corollary 2.7.2 in Van der Vaart and Wellner (1996) ensures that
log 7 =log Ny (22, 1 (%), | - ) < Ke2/(049),

for some K > 0.

Let df < d¥,...,d% < d* be the functions defining the r brackets for the class C} ™ (X,). Then, for each

s Uy >

0 € © and each d € C’llJ“S(Xo)7 there exist ¢ and j such that

L{THY) < t+myg, (X) + d5(X)}

< L{Ag(Y) <t +mp,(X) +d(X)}
< L{TUY) <t +mp, (X) +d¥(X), }.
Define
pif(t) =P (TH(Y) <t +mg,(X) + dj(X))
and let t;, k= 1,...,0(67?), partition the line in segments having pj:/-probability less than or equal to a

fraction of £2. Similarly, define
pi(t) =P (TC{(Y) < t+mg, (X) + d (X))

and let ¢f¢

ik k=1,...,0(672), partition the line in segments having pf}*—probability less than or equal to a

fraction of £2. Let us now define the following brackets for ¢:

¢ ¢
bk, <t < tijh,,

Lu

where t%£ iika is the smallest

’ij‘l

of the tf;’k

is the largest of the t;‘fk with the property of being less than or equal to ¢, and ¢
with the property of being larger than or equal to t. We will now show that the &-brackets for

our function are given by

L{TU(Y) < teh, +mo, (X) +d5(X)}

< 1T{D(Y) < t+mg,(X)+d(X)}
< L{THY) < i, +ma, (X) + (X))}
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To this end, let us calculate

|L{T5(Y) < i, +mg, (X) +d¥(X)} = L{TH(Y) <t +mg, (X) + di(X }H2
= P(C{(Y) < tifh, +mo,(X)+d5 (X)) =P (THY) <ty +me, (X) + dj(X))

= pij(t) —pij (t) + O,

where || - |2 = || - || p,2 is the La(P)-norm. Since I'{(y) and T'¥(y), i = 1,..., [15—, m;, are strictly increasing
continuous functions of y € R, they have inverse functions TY” ' (-) and %' (-). Moreover, it is easy to check

that T (-) = maxgep, Vo(-) and T ' (-) = minge g, Vi(+). Therefore,

iy (t) — pif (1)
:IP’ {TUY) < t+mg, (2) + d2(@)|X = 2} —P{THY) < t +mg, () + d(2)| X = x}]dFX(z)

Py x (T (t+mo, () + d¥(x))|z) — Fyx (T (¢ +me, (z) + dﬁ(z))u)} dFx ()

(& sup ‘6Fy|x(V9(t+meo(ﬂ?)+y)|$)
_q:1969,y€R

S OFy|x (Vo(t 4+ me,(x) +y)|x)|
g+ sup ’6
a0q 0€O,yeR ay

IN

= [ (B e, @) + @) — BT (04 mo, (0) + @)
/ APy (z)

= 0,
using assumption (A6). That leads to
[2{Té(Y) <t +mg, (X) +d(X)} — L{TH(Y) < £, +me, (X) +d5C0} s =

Hence, for each & > 0, we need at most O(£~2P+1) exp(K&~2/(149)) brackets (for some K > 0) to cover

the class .#;. However, for € > 1, one bracket suffices. So we have

/000 \/logNH(é7 F1, Lo(P))dé < o0,
which gives . This shows that the class .%; is Donsker, and hence by straightforward calculations,
7 = {<x,y> = 1 (Ao(y) < t+m, (2) +d(x)) — 1 (Ao, (y) < t +mg, ()
“P(Ag(Y) <t +mg,(X)+d(X))+P(Ag,(Y)<t+my, (X)), 0€0,tcR, de c§+5(xo)}

is a Donsker class as well.
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Next, observe that for d,,(X) = mz(X) — my,(X), Proposition [5.4] ensures that
Var, |1 (A5(Y) < t+mg, (X) + dn(X)) — 1 (Ag, (V) < t+my, (X))

E%AﬂY)§t+anX)+dMXﬂ£&)+PUWJY)§t+nwAX»]

= Var, [1(A5(Y) < 6+ mp, (X) + dn(X)) — T (R, (¥) < t+ g, (X))] = 0(1)

as n — o0o. Since the class % is Donsker, it then follows from Corollary 2.3.12 in Van der Vaart and Wellner

zn:f(Xz‘) >5_> =0,

for each € > 0. Hence by restricting the supremum inside the above probability to the elements in %

(1996) that

lim lim sup P sup n~1/?
a0 nmeo \ reg Var(f)<a

corresponding to d(X) = d,,(X) as defined above, the result of the lemma follows. O

Lemma 2. Assume (Al)-(A5) and (AT). Then,

sup |, () — me, (x)| = Op((nh)~"/*(log h=")1/?),
rEXp

sup |, (z) — 1o, ()| = Op((nh) /> (log h=")"/?).
TEX)

Proof

We only give the proof for the uniform consistency of g, (z) — 1, (), the proof for g, (z) — me, () being

very similar. Let ¢, = (nh)~/2(logh~1)'/2, and define

fo(o) = 22 >R (s (F20) | o) =Bl (), Tato) = Elfx(o)]

where fx(z) = (nh)1 3", Kl(th_I). Then,

ro, () 70, (2) — T (@hig, (@), (B.2)

 Tx(2)

Since ]E[Ago (Y)|X = z] < oo uniformly in z € X by assumption (A7), a similar proof as was given for

sup |inig, () — rivg, ()| < sup |, (x)

xEXp TEXy

+ sup =
z€Xo fX(x)

Theorem 2 in Einmahl and Mason (2005) ensures that

7o, (x)

Tl =~ O

sup |fig, () —

xEXp
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Consider now the second term of (B.2). Since E[¢(6,)|X] = 0, where £(6,) = 5 (Ag(Y) — mg(X))|o=0,, we

have

To,(r) = hT'E {WMX) o)} (szxﬂ
- hlE [meo(X)Kl (Xl:m)]

- / tig, (2 + ho) K1 (v) fx (2 + ho)do,

from which it follows that

7o, () — [ x ()i, (v) = / [rie,, (x + hv) — g, ()] K1 (v) fx (2 + hv)do.

Hence, Taylor expansions applied to 1y, (-) and fx(-) yield

sup 7o, (@) — [ x (2)rmg, (x)| = O(h™) = O (cn),

since nh?®+1(logh=1)~! = O(1) by (A2). This proves that the second term of (B.2)) is O(c,), since it can

be shown that for h small enough fx(-) is bounded away from 0 and infinity uniformly on X'. O
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