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Abstract

In this paper we introduce a new primal-dual technique for convergence analysis of
gradient schemes for non-smooth convex optimization. As an example of its application,
we derive a primal-dual gradient method for a special class of structured non-smooth
optimization problems, which ensures a rate of convergence of the order O(%), where k is
the iteration count. Another example is a gradient scheme which minimizes a non-smooth
strongly convex function with known structure with the rate of convergence O(k%) In
both cases the efficiency of the methods is higher than the corresponding black-box lower
complexity bounds by an order of magnitude.
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1 Introduction

Motivation. This paper continues the research started in [3], where it was shown that
some structured non-smooth optimization problems can be solved with efficiency estimates
O(%), where € is the desired accuracy of the solution. This complexity is much better than
the theoretical lower complexity bound O(e%) (see [2]). This improvement, of course, is
possible because of certain relaxation of the standard black box assumption. Instead, it
was assumed that our problem has an explicit and quite simple minimax structure. The
numerical scheme proposed in [3] has a drawback, which decreases its practical efficiency.
In this scheme the number of steps must be fixed in advance. It is chosen in accordance
to a worst-case complexity analysis.

In this paper we propose several new primal-dual gradient schemes for the same class
of problems as in [3]. However, our schemes now are free from the above deficiency. They
are derived from a new primal-dual symmetric technique for convergence analysis, which
we call the excessive gap condition.

The paper is organized as follows. In Section 2 we introduce our model of optimization
problem and recall several useful facts from [3]. In Section 3 we describe the excessive gap
condition. In the next two sections we present two different strategies for maintaining the
condition during the optimization process. In Section 6 we give the convergence result
of the order O(%), where £ is the iteration counter. This convergence result is valid for
all non-smooth functions described by our model. However, if we assume more, (namely,
the strong convexity of the primal objective), then the convergence can be improved
up to O(k%) This improvement is presented in the last Section 7. Note that both
complexity results improve the corresponding general lower complexity bound by an order
of magnitude.

Notation. In what follows we work with different primal and dual spaces equipped by
corresponding norms. For sake of notation, we apply the following convention. The (pri-
mal) finite-dimensional real vector space is always denoted by E, possibly with an index.
This space is endowed with a norm || - ||, which has the same index as the corresponding
space. The space of linear functions on F is denoted by E*. For s € F* and x € E we
denote (s, ) the value of s at z. The scalar product (-,-) is marked by the same index as
E. The norm for the dual space is defined in the standard way:

Is[I* = max{(s, z) : [lz]| =1}.
For an operator A : Ey — E3 we define adjoint operator A* : E5 — E7 in the following

way:
(Az,u)o = (A*u,z)1 Vo € Ey, u € Es.

The norm of such operator is defined as follows:
JAll 2 = max{ (A, w2 ¢ Jlally = 1, Jjull2 = 1).

Clearly,

[All2 = A2 = max{[[Az[3 : [lz]i = 1} = max{[[A"u[; : [[ull2 = 1}.



Hence, for any v € E2 we have

[A%ull7 < [[All12 - [lulle- (1.1)

Acknowledgement. The author is very thankful to F.Glineur for his constructive com-
ments on the text.

2 Model of the problem
In this paper we are interested in the following minimization problem:
Find f* = ngn{f(x) cx € Q1) (2.1)

where Q1 is a bounded closed convex set in a finite-dimensional real vector space F; and

f(x) is a continuous convex function on 1. We do not assume f to be differentiable.
Very often, the structure of the objective function in (2.1) is known. Let us assume

that this structure can be described by the following model (see [3] for different examples):

f(x) = f(x) + max{{Az,u)s — $(u) : u € Qa}, (2.2)

where function f (z) is continuous and convex on @)1, @2 is a closed convex bounded set
in a finite-dimensional real vector space Ea, ¢(u) is a continuous convex function on Q2
and the linear operator A maps F; to E5. In this case the problem (2.1) can be written

in an adjoint form:

mgx{qb(u) D u € Qa},
A ) (2.3)
B(u) = —d(w) + min{(Az, s + f(2) 5 v € Q).

We assume that this representation is completely similar to (2.1) in the following sense.
The methods described in this paper are implementable only if the optimization problems
involved in the definitions of functions f(z) and ¢(u) can be solved in a closed form. So,
we assume that the structure of the objects f, qAS, @1 and Q2 is simple enough. We also
assume that the functions f and qg have Lipschitz-continuous gradients with Lipschitz
constants L1 (f) and Ly(¢) respectively. In some situations we allow these constants to
be infinitely big.

Let us show that the knowledge of structure (2.2) can help in solving problems (2.1)
and (2.3). Same as in [3], we are going to use this structure for constructing a smooth
approximation of the objective functions.

Consider a prox-function ds(u) of the set Q2. We assume that do(u) is continuous and
strongly convex on Q3 with the convexity parameter os. Denote by

ug = arg muin{dg(u) D u € Qo

the proz-center of the function dy(-). Without loss of generality we assume that da(ug) = 0.
Thus, for any u € Q2 we have

da(u) > joau — uol3. (2.4)

3



Let po be a positive smoothness parameter. Consider the following function:

A~

Fus (@) = f(@) + max{(Az, u)2 — §(u) — p2da(u) = u € Qa}. (2.5)

Denote by u,, () the optimal solution of above problem. Since function dy(u) is strongly
convex, this solution is unique. In accordance to Theorem 1 ([3]), the gradient

V fus (z) = Vf(@) + A%y, (2)

is Lipschitz-continuous with the constant
A 1
L =L ——||A|12,.
() = i) + 41

Similarly, let us consider a prox-function di(x) of the set @1, which has convexity
parameter o1 and the prox-center xg with dj(xg) = 0. Thus, for any = € )1 we have

di(w) > go1llz — wolT. (2.6)
Let puy be a positive smoothness parameter. Consider
G (w) = —d(u) + min{(Az, u)s + f(z) + di(z) : € Q1}. (2.7)

Clearly, since the second term in the above definition is a minimum of linear functions,
¢, (u) is concave. Denote by x,, (u) the unique optimal solution of the above problem.
In accordance to Theorem 1 ([3]), the gradient

Vo (u) = —=V(u) + Azy, (u)

is Lipschitz-continuous with the constant

A 1
La(bu,) = La(9) + FMIHAH%?

3 Excessive gap condition
Note that for any = € ()1 and u € Q2 we have

o(u) < f(x)

However, f,,(z) < f(z) and ¢(u) < ¢, (u). That opens a possibility to satisfy the
following excessive gap condition:

fMQ (j) S ¢H1 (ﬂ) (3'1)

by certain z € Q1 and u € Q2. This inequality is the main relation we are going to main-
tain recursively in our optimization schemes. Let us justify this strategy by convergence
results.

Denote Dy = mgx{dl(x) € Q1) and Dy = mlz}x{dg(u) :u € Q2}. As we will see
later, the size of these bounds significantly affects our complexity bounds.
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Lemma 1 Let T from Q1 and u from Qo satisfy (3.1). Then

f(@) = ¢(u) < p1Dy + paDs. (3.2)

Proof:
Indeed, for any = € Q1, u € Q2 we have f,,(x) > f(x) — peD2 and ¢, (u) < ¢(u)+ p1Dy.
O

Thus, our goal is to maintain inequality (3.1) as pu1 and po go to zero. This can be
done in two different ways, which correspond to two different auxiliary problems we must
be ready to solve at each iteration.

Before we start our analysis, let us prove one useful inequality.

Lemma 2 For any x and § from Q1 we have:

~

F (@) + (A2, (5))2 = S () 2 Fa(§) + (Vfua (§), 7 = §)1- (3.3)
Proof:
Let us take arbitrary 2 and g from Q. Denote @ = u,, (7). Then

fm(g) + <Vfu2 (37)7x - Zj>1

A~

= f(§) + (A7, @)s — d(a) — pada (@) + (Vf(§) + A%,z — §)1

< fl@) + (Az, @)z — (@),

4 Gradient mapping

Let us justify first a possibility to launch the process. Define the primal gradient mapping:
Ty () = argmin { (Vi (2).y = 2)1 + 3 La(fuo) ly —2lF: y €@}z Q.
Lemma 3 Let us choose an arbitrary ps > 0. For prox-center xq define
T =Ty (z0), u=upu,(xo). (4.1)
Then the excessive gap condition (3.1) is satisfied for any p; > LLl(fm).

Z o
Proof:

Indeed, in view of inequality (3.3), for p; = 11 L1(fu,) we get the following relations:

g

Juz (T (0)) - < min {fug(%) + (VS (z0), . — z0)1 + 5 L1 (fun) |z — 2ol : w € Ql}
< min {f(w) + (A, wyy (20))2 — Gy (w0)) + Spnot||lw — w0} € Q1}
< _q;(um (.%‘0)) + Hgn {f(x) + <Ax7uu2 (1‘0)>2 + M1d1($) T E Ql}

= (b#l (uuz (xO)) O



Thus, the condition (3.1) can be satisfied at the first step of the algorithm. Let us
show how we can update the points Z and @ in order to get (3.1) for smaller values of
p1 and po. Note that in view of absolute symmetry of the situation, at the first stage of
the algorithm we can try to decrease only p; keeping po unchanged. After that, at the
second stage, we update o and keep py. The main advantage of such a strategy is that
we need to find a justification only for the first stage. The proof for the second one will
be absolutely symmetric.

Theorem 1 Let points T € Q1 and u € Q2 satisfy the excessive gap condition (3.1) for
some positive 11 and pa. Let us fiv 7 € (0,1) and choose ui = (1 — T)p1,

z = (1-71)z+ 71z, (0),
Uy = (1 =7)u+ Tuu, (), (4.2)
Ty = T,u,(2).

Then the pair (T4,u+) satisfies condition (3.1) with smoothness parameters pf and pgo
provided that T is chosen in accordance to the following relation:

2
T A9 (4.3)

l—77 Ll(fuz).

Proof:
Denote @ = wu,,(2). In view of rules (4.2) and inequality (3.3), we have:

A~

Pu+(ay) = H}cin{(l—T)Mldl(l“)Jr<A33a(1—7)ﬂ+7ﬁ>2+f($)3 xEQl}—ds(fH)

> rr;in {(1 —7) {,uldl(x) + (Az,a)2 + f(x) — é(ﬂ)}

() + (Az, @)y — (@) - w € Q)

v

min { (1 —7) |y, (2) + %MlUleU — ()13
in{(1-7)| )

712 (8) + (V[ (8), 2 = @)1) - @ € Qu}

Note that

¢H1(a) > fMQ(j) > fuz(fc) + <vf/12(£)75E - j>1 = fuz(i) +T<vfuz(j)aj - xﬂl(a»l‘



Hence, using the condition (4.3), we accomplish the proof as follows:

¢t (U
> min { f, () + (Y fup (2), @ = 2, (@)1 + 31 = D)prol|z = 2 (@) @ € Qu}
> min { £ () + 7(V i (2), @ = 2 (@)1 + 372L1 ()2 — 2 @I} : 7 € Q1 |
> min{ fi (#) + (Vi (@),2 — &)1 + 301 (fu)lle — 2] : 2 € Q1
> fuz (CE-I—)
O
5 Bregman projection
Let us assume for simplicity that dj(x) is differentiable. Then for any x € Q1 we have
<Vd1(x0),$ — .%'0>1 Z 0. (5.1)

For x and z from @)1 denote by
&1z, @) = di(z) — di(2) — (Vdi(z),2 — 2h

the Bregman distance between z and z. If z is fixed, then £(z, z) is strongly convex in x.
Moreover,
&1(z.2) = oo — = (5.2)

Define the Bregman projection of some g € Ej onto the set ()1 as follows:
Vi(z,g9) = argrrgjin{(g, r—2z)1+&(z,x) €@} (5.3)

As compared with the gradient mapping, the main advantage of the Bregman projection

is that the optimization problem in (5.3) involves the same objects as (2.7). So, we have

more chances to have it solvable in an easy way (see Section 5.3 in [3] for an example).
Let us show first how we can find the starting points of the process.

Lemma 4 Let us choose an arbitrary ps > 0. Denote v = #J}u) and set
2

T = Vi(20,7V [z (20)), &= up, (20).- (5.4)

Then the excessive gap condition is satisfied for any p1 > %

Proof:



Indeed,

Fa(®) < Fua (@0) + (Vo (w0). T = 2001 + 5L1(fo) |1 — 0]}
= fua(@0) + 2 [1(V fia (20), & = o)1 + Jo1 12 — wol?]
(by (5.2) < fus(0) + 2 [(YV fya (20), 2 — 2o)1 + &1 (0, 2)]
= min { fuu (20) + (Vi (20),@ = wo)1 + 21 (20,2) : @ € Q1
(by (5.1)) < min { fu,(20) + (Vo (20), 7 = 20)1 + 31 (2) : = € Quf
(using (3.3)) < min {f(2) + (A2, (20) = (s (20)) + 2i(2) : @ € Qu}

= 01 (U5 (20)) < bpus (U5 (20))-

2

Let us present now one iteration of this variant of the algorithm.

Theorem 2 Let points T € Q1 and u € Q2 satisfy the excessive gap condition (3.1) for
some positive pi and po. Let us choose T € (0,1) in accordance with (4.3) and set

t = (1-71)x+ 712y (0),

Uy = (I—=7)8+ Tuu, (),

Poo= Vi (@), s V@), (5.5)
., = (1-71)z+717,

MT = (I-7)m.

Then the pair (T4,u+) satisfies condition (3.1) with the smoothness parameters ui and
H2-

Proof:
Denote & = wu,,(Z). In view of the rules (5.5) and inequality (3.3), we have:

(1 = 7)pdi(2) + (Az, (1 — 7)a + Tit)s + f(2) — P(1iy)

> (1= 7) [mdi(2) + (Aw, @)z + f(2) — $(@)| +7[f(2) + (Az, @)z — H(@)]

> (1= 7) [mdi () + (A, 8 + () = 3@)] | + (s @) + (V g (@), 7~ )i]o



Note that for any z € ()1 we have:
(11 Vdi(2, (@) + A0+ V f (2, (1)), — 2, (0))1 > 0.
Therefore we can estimate the term [-]; as follows:

[']1 = M (5(37#1 (a)v .%') + dl(xul (ﬁ)) + <Vd1(x,ul (QZ))"CE = Ty (ﬂ»l)

+(Az, u)s + f(z) — o(a)

v

(e (), ) + pdi (e, (@) + (Ay, (@), 0)2
+f (@) = (Vf (@ (@), 2 = 2, (2)1 — O(1)

(e (@), ) + pdi (2, (@) + (Azy, (@), W2 + f (24 (@) — 6(a)

v

= €@ (@), 2) + by (W) = &y, (@), 2) + fu, (7)

> €(xp (W), ) + [ (2) + (Vo (2), 2 — &)1

Thus, using rules (5.5) and the relation (4.3), we can continue:

S (@) = min {(1=Pudi(@) + (Aw, (L= 1)+ i)y + f(a)} — o)
> min {(1— 7)€ (). 2) + fup(@) + (Vi (8), (1= 7)2 + 72 — )1}

z€Q1

= min {(1 = €@ (@), 2) + fup (2) + TV (@), 7 — 20 (@)1}

re€Q1
= (1 =7)mé(@p, (@), T) + fuo (&) + 7V frp (&), T — 1, (W))1
> 51 =7)morl|E — 2 (@7 + fua (@) + 7(V fup(2), & — 2, (@)1
> 3T Li(fu) 1% = 2 (@17 + fz (@) + 7V fp (), — 20, (@)1

= 3Li(fu) T4 = 217 + fue(8) + (Vo (), T — 8)1 = fyup (T4)-

6 Convergence analysis

In Sections 4, 5 we have seen that the smoothness parameters p1 and po can be decreased
by a switching strategy. Thus, in order to convert the results of Theorems 1, 2 into an
algorithmic scheme we only need to point out a strategy for updating these parameters,
which is compatible with the condition (4.3). In this section we do that for an important

A~ ~

case L1(f) = L2(¢) = 0.



It is convenient to represent the smoothness parameters as follows:

D,
oDy’

D,

=)\ -4 . .
p1 = A1 [|All12 52D

p2 = Az - || A

1,2 (6.1)

Then the estimate (3.2) for the duality gap becomes symmetric:

F@) = o) < (1 +2) - [Alha [ 222 (62

At the same time the condition (4.3) becomes problem independent:

7’2 0109

T, SHipe: m = A1 ho. (6.3)

Let us write down the switching algorithmic scheme in an explicit form. It is convenient
to have a permanent iteration counter. In this case at even iterations we apply the primal
update (4.2) (or (5.5)), and at odd iterations we apply the corresponding dual update.
Since at even iterations Ay is not changing, and at odd iterations A; is not changing, it is
convenient to put their new values in same sequence {oy}3> ;. Let us fix the following
relations between the sequences:

k= 21 : Mp=oap_1, Aop=ay, (6.4)
k= 2l+1 : )‘1776 = oy, )\Q,k = 1. '
Then the parameters 7, get the following sense.
Lemma 5 For all k > 0 we have agy1 = (1 — 7%)ag—1.
Proof:
Indeed, in accordance to (6.4), if k& = 2[ then
pg1 = A1 = (L= ) A = (1 — 7o) op—1.
And if k =20 + 1 then agy1 = Ao jy1 = (1-— Tk))\Q,k =(1—1p)ag_1. O

Corollary 1 In terms of the sequence {oy}3> _; the condition (6.3) looks as follows:

(g1 — ap—1)? < a1y, k>0. (6.5)
Proof:
Indeed, in view of (6.4) we always have A\ yAa ), = apag—1. It remains to use 7, = 1— %
Od
Clearly, condition (6.5) is satisfied by
2 k-1 (6.6)
ap = —— —1.
Pkt



Then
> 0. (6.7)

Now we are ready to write down the algorithmic scheme. Let us do that for the gradient
mapping update (4.2). In this scheme we use the sequences {1 4}72 1 and {p2x}e> 4,
generated in accordance to the rules (6.1), (6.4) and (6.6).

1. Initialization:
Choose Zy and %o in accordance to (4.1) with p1 = p19 and po = p2p.

2. Iterations (k > 0):
a) Set 1, = % (6.8)
b) If k is even then generate (Tgy1,uk+1) from (T, uy) using (4.2).

c¢) If k is odd then generate (Zyi1,Ug+1) from (Zy, ) using the
symmetric dual variant of (4.2).

Theorem 3 Let the sequences {Ty}72, and {uy}32, be generated by the method (6.8).
Then each pair of points satisfy the excessive gap condition. Therefore

_ _ 4\|All12 [D1D2
— < ’ . .
f(zr) — o(ug) < kil \ ovon (6.9)
Proof:

In accordance to our choice of parameters,

IAllZ o 220 12,0
H1,0142,0 = A1,0A2,0 * == —=L1(fuy) > —=L1(fu,)-
0109 o1 01

Hence, in view of Lemma 3 the pair (Zg,ug) satisfies the excessive gap condition. We
have already checked that the sequence {71}72, defined by (6.7) satisfies the conditions
of Theorem 1. Therefore the excessive gap conditions will be valid for the sequences
generated by (6.8). It remains to use inequality (6.2). |

Clearly, the same statement is valid for the method based on the updating scheme
(5.5).
7 Minimizing a strongly convex function

Consider now the model (2.2), which satisfies the following assumption.

Assumption 1 In representation (2.2) function f(a:) is strongly convexr with convezity
parameter &.
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Lemma 6 Under Assumption 1, function ¢(u) defined by (2.3) is differentiable. More-
over, its gradient R
Vo(u) = =Vo(u) + Azg(u),

with xo(u) defined in (2.7), is Lipschitz-continuous with the constant

2
Lo(¢) = ”A&‘“ + Ly(9). (7.1)

Proof:
Denote ¢(u) = Hlmin{<A£L',u>2 + f(x) : = € Q1}. This function is concave as a minimum

of linear functions. Since f is strongly convex, the solution of the above minimization
problem is unique. Therefore ¢(u) is differentiable and V¢(u) = Axg(u).
Consider two points u; and uy. From the first-order optimality conditions in (2.3) we

have
(A*uy + V f (zo(u1)), wo(uz) — zo(u1))1 > 0,

(A*us + V f (2o (u2)), zo(ur) — xo(uz))1 > 0.

Adding these inequalities and using strong convexity of f (), we continue as follows:

(Awo(us) — Azo(ur), ur — up)e > (Vf(wo(ur)) — V. f(wo(u2)), o(u1) — zo(uz))1

> 6llao(ur) — wo(w)|} 2 gz (IV6(u) - Voualls)” O
Lemma 7 For any v and 4 from Qo we have:
$(0) + (Vo (@), u — @)s > —d(u) + (Azo(@), u)2 + f(zo(2)). (7.2)

Proof:
Let us take arbitrary u and @ from Q2. Denote & = (). Then

B(0) + (Vo(d),u — @)y = —p(Q) + (AR, 0)g + f(&) + (—=V(a) + A%, u — )2

> —¢(u) + (A%, u)y + f(2).

In this section we derive an optimization scheme from the following variant of the
excessive gap condition:

fun () < 0(1) (7.3)

for some Z € Q1 and @ in Q5.

This condition can be seen as a variant of condition (3.1) with 43 = 0. However, in this
section we prefer do not use the results of the previous sections since now our assumptions
are different. For example, we do not need anymore the set ()1 to be bounded.

Lemma 8 Let points T from Q1 and u from Qo satisfy (7.3). Then

0< f(&)— ¢(u) < uaDs. (7.4)
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Proof:
Indeed, for any = € Q1 we have f,,(x) > f(x) — poDo. O

Define the adjoint gradient mapping as follows:

V(u) = argmax{(Ve(u),v — u)2 — 3L2(9)[lv — ul3}. (7.5)
Lemma 9 Let us choose g = U%Lg(gb). Then the excessive gap condition (7.3) is satisfied
for
U= V(UO), T = .CI?(](U()). (7.6)
Proof:

Indeed, in view of Lemma 6 we get the following relations:
6(V (o)) = max {¢(uo) + (Ve(uo),u— uo)2 = $La()u — ol : w € Qa}
= max {—q@(uo) + (Amo(uo), uo)2 + f(zo(uo))
+(Azo(up) — V&(ug),u — ug)o — %,u,gagHu —ugll3: ue Qg}

> max{~6(u) + f(xo(u0)) + (Azo(up), u)2 — pada(u) : u € Qaf

= fus(wo(uo)). O

Theorem 4 Let points T € Q1 and 4 € Qo satisfy the excessive gap condition (7.3) for
some positive yiz. Let us fiz T € (0,1) and choose pug = (1 — 7)ua,

i = (1= 1)+ Tup,(3),
Fy = (1—7)7 + 120(8), (7.7)
iy = V().

Then the pair (%, 1) satisfies condition (7.3) with smoothness parameter ug , provided
that T is chosen in accordance to the following relation:

2
T K202 (7.8)

1—-—7— L2(¢)

Proof:
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Denote & = xo(@). In view of inequality (7.2) and the rules (7.7) we have:

A~

F@e) = max{(1 - Ppada(u) + (A1~ 1)T + ), u)s — () : wE Qo)+ f(&+)

< max {(1 —7) {Mng(U) + (AZz,u) — d;(u) + f(j)]
trl-lu) + (A, w2+ f(@)]: ue Q)
< max {(1=7) [fu(#) = hpr20s | — s (@)

+7[p(0) + (Vo(i),u — u)a] : u € Qa2}.
Note that
fua (T) < 6(1) < ¢(4) + (Vo(a), u — )2 = ¢(@) + T(V(1h), & — upy (Z))o-

Hence, using the condition (7.8), we can finish the proof as follows:

fup (24
< max {B(@) + 7(VO(@), 1 — ()2 — (1~ Ppaoallu — w @3 u € Qo)
< max {B(@) + (V@) 1 — ()2 — 372 La(@)lu — 1 (@) 3+ w € Qo)
< min {o(@) + (Vo(),u — i)s — S Lo(6)|u — all} : u € Qo)
< o(uy).
O
Now we can justify the following minimization scheme.
1. Initialization:
Set Moo = QLi—(Q), Xo = .’L‘o(Uo) and ug = V(UO)
2. For k > 0 iterate :
Set 7, = k—iS and g = (1 — 7%y + ThUp, , (Tk)- (7.9)
Update U2 k+1 = (]- - Tk)ﬂ2,ku
Tpr1 = (1 — )Tk + o (),
U1 = V().
O
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Theorem 5 Let problem (2.1) satisfies Assumption 1. Then the pairs (Zy,uy) generated
by scheme (7.9) satisfy the following inequality:

4L5(¢) Do

(k4 1)(k +2)os’ (7-10)

f(Zx) — o(ug) <

where La(¢) is given by (7.1).

Proof:
Indeed, in view of Theorem 4 and Lemma 9 we need only to justify that the sequences
{12,137 and {7;}32, satisfy relation (7.8). That is straightforward because of relation

_ 4Ly(¢)
P2k = 0 D)k + 2)00

which is valid for all k > 0. O

Let us conclude the paper with an example. Consider the problem
f(x) = 3ll2| + max [f; + (gj, = —x;)1] min: @ € By (7.11)
1<j<m

The problems of this type arise, for example, at each iteration of Bundle Method [1]. Let

E; = R"™ and we choose
n

lzf = > @), ze B
i=1

Then this problem can be solved by the scheme (7.9).
Indeed, we can represent the objective function in (7.11) in the form (2.2) using the
following objects:

By=R" Qy=Ap={uecRP: 3 ul) =1},
7=1

']E(Zlf):%HJIH%, Qg(u):<bvu>27 b(J) :<gj7$j>1_fj7 jzla'--ama

AT = (a1,...,am).

Thus, 6 = 1 and La(¢) = 0. Let us choose for Fs the following norm:

lulla = [ul?].
j=1

Then we can use the entropy distance function (see [3]):

m

do(u) =Inm+ > uPDInul), wg= (L, ...,

m’
i=1 "

);

3=

for which o3 =1 and Dy = Inm (see [3]). Note that in this case

_ . *
[All12 = 1%?%“9]”1’
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Thus, method (7.9) as applied to the problem (7.11) converges with the following rate:
A o (g]1)°

(k+1)(k+2)

Let us study the complexity of this scheme for our example. At each iteration we need
to compute the following objects.

f(@) — our) <

1. Computation of u,,(z). This is the solution of the following problem:

maX{Zu — pada(u) : UGQQ}

with sU)(z) = f; + (gj, & — ), j = 1,...,m. In accordance to (4.14) in Lemma 4
[3], this solution can be found in a closed form:

sU)(z)/ p2

Y
esV(z)/n2

3] o

N
Il
—_

2. Computation of z((@). In our case this is a solution to the problem
mén{(Am,fL)g + 3z} z € Ex}

Hence, the answer is very simple: zq(@) = —AT 4.

3. Computation of V(4). In our case

rEF,

¢(@) = min { > aD[f + (g x — xj)1] + %HJUH?}
N 1 T o) 2
= —(b,a)s — 3 (4Tal)"
Thus, Vo(it) = —b— AAT4. Now we can compute V(@) by (7.5). In [3], Section 5.1,
it is shown that the complexity of such a computation is of the order O(mInm).

Thus, we have seen that all computations at each iteration of the method (7.9) as
applied to the problem (7.11) are very cheap. The most expensive part of the iteration is
the multiplication of the matrix A by a vector. In a straightforward implementation we
need three such multiplications per iteration. However, a simple modification of the order
of operations can reduce this amount up to two.
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