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The Burden Sharing of Pollution Abatement
Costs in Multi-Regional Open Economies∗

Raouf Boucekkine and Marc Germain

Abstract

The burden sharing of pollution abatement costs raises the issue of how the costs are sup-
ported by entities (regions or industries) of a country that decides to reduce pollution, e.g., in the
Kyoto Protocol context. This paper explores this issue in the framework of a dynamic endoge-
nous growth 2 sectors - 2 regions - 2 inputs Heckscher-Ohlin model of a small open economy
with an international tradable permits market. Given an “emission-based grand-fathering” sharing
rule, capital accumulation is more negatively affected by the environmental policy in the energy
intensive sector if energy and capital are complementary. But the picture could be different in
terms of total sectoral revenue, depending on the evolution of prices. Finally, we show that the
impact of environmental policy at the regional level depends crucially on the evolution of regional
specialization patterns.

KEYWORDS: pollution permits, grand-fathering, sectoral spillovers, multi-regional economy,
endogenous growth
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1 Introduction

The burden sharing of pollution abatement costs raises the issue of how the
costs are supported by entities (regions or industries) of a country that de-
cides to reduce pollution, e.g. in the Kyoto Protocol context. In Belgium, the
debate opposes the Flemish and Walloon regions. With respect to the other
Belgian regions, Wallonia is characterized by an industry which is more energy
consuming. From the point of view of Flanders, the burden should thus largely
rely on Wallonia, where the abatement measures are supposed to be less ex-
pensive. On the contrary, this solution is considered to be too unfavorable by
Wallonia.

Now it is important to emphasize that the fact that a country’s activities
are more energy consuming does not necessarily result from any inefficiency. It
can result from the specialization of this country in the production of relatively
energy intensive goods. The importance of accounting for different national
circumstances (resulting a.o. from international specialization) when design-
ing future climate mitigation commitments is mentioned in several articles of
the United Nations Framework Convention on Climate Change. As stressed
by den Elzen and Berk (2004,p.41), “A climate change regime that fails to
take account of such circumstances may result in disproportional or abnormal
burdens for some (groups of) countries. This would not just be unfair, but
also politically unacceptable”.

In a multi-regional multi-sectoral framework, the following properties are
generally expected to occur in response to an environmental policy that in-
creases the price of energy (through an energy tax or through the tradable
permits price):

(A) the energy intensive sectors are more burdened than the other sectors;

(B) the regions specialized in energy intensive sectors are more burdened than
the other regions.

Hereafter we will refer to these properties as Expected Results A and B
(ERA and ERB respectively). These results are common wisdom. However,
they are not so obvious as it could be thought at first sight, and in any case,
they do depend on how the burden is measured, e.g. whether one takes into
account or not the tax revenues or the tradable permit endowments associated
to the control of pollution. The impact of an emission reduction policy can
indeed be modulated by bringing into play such regional transfers and alloca-
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tions.1 Furthermore, even if permit endowments or tax revenues are ignored,
we will show that the conclusions w.r.t. ERA depend on whether the burden
is measured in terms of capital accumulation or in terms of sectoral revenues
(defined as output less intermediate consumption).

On the other hand, even if ERB is verified at a given date, this does not
mean that the more affected region in the short term will remain so in the long
run. This is because the specialization patterns are likely to evolve through
time, implying that the regional impact of a long term environmental policy
(like climate policies) is also likely to get modified after a while.

In this paper, we shall consider a dynamic model allowing for specialization
reversal2. One way to get such a property is to incorporate time-dependent
spillovers across economic sectors and regions. There is an extensive literature
about spillovers both at a regional or international level. In particular, the
empirical assessment of such spillovers have been at the heart of a quite abun-
dant empirical literature. An early contribution to the topic is due to Coe and
Helpman (1995) who assessed the economic growth impact of R&D expendi-
tures in OECD (Organisation for Economic Cooperation and Development)
countries. They found that such expenditures are beneficial not only for the
performing countries but also for the trade partners. There are also plenty of
empirical contributions addressing the issue of spillovers’ extent at a regional
level (see among others Van Stel and Nieuwenhuijsen, 2004).

One of the crucial issues turns out to be whether intra-sectoral or inter-
sectoral spillovers are more important for economic growth. As to this precise
point, the evidence is mixed. A recent study by Malerba, Mancusi and Mon-
tobbio (2004) tends however to put forward intra-sectoral spillovers. Using a
panel data on R&D expenditures and patent citations in 135 sectors in France,
Italy, Japan, United-Kingdom and the US over the period 1981-1995, they
show that the effect of intra-sectoral spillovers is 70% higher than the effect of
national inter-sectoral spillovers. We shall incorporate intra-sectoral spillovers
in our model. As we shall see in Section 2, considering at the same time in-
ter and intra-sectoral spillovers in our model would induce the same long-run

1These transfers can follow numerous rules (see Rose et al, 1998). Two rules were exten-
sively debated in Belgium: following the emission reduction policy, (i) the first rule assumes
that the regional endowments of permits decrease by the same percentage, and (ii) the sec-
ond rule assumes that the endowment of a region decreases proportionally to the decrease
of its emissions induced by an optimal reduction policy at the level of the country. In both
cases, Germain et al. (2006) show that Wallonia suffers more from the emission reduction
policy than Flanders.

2Contrary to the analysis of Germain et al. (2006) which presents the drawback to be
static, and thus cannot take account of specialization reversal.
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capital accumulation in ALL sectors and in ALL regions, which sounds an un-
desirable outcome as it implies that the sectoral composition of the economy
is irrelevant in the long-run.3

The aim of this paper is to study the impact of long term environmen-
tal policies in the framework of a dynamic 2 sectors - 2 regions - 2 inputs
(capital and energy) Heckscher-Ohlin model of a small open multi-regional
economy with an international tradable permits market.4 The main features
of the model are the following. Sector 1 produces capital goods while sector
2 produces consumer goods. Energy is imported and emissions are propor-
tional to energy use. The technologies of both sectors are constant elasticity
of substitution (CES) production functions. Sector 1 is more energy intensive
than sector 2. The sectoral technologies are the same in both regions. Be-
cause the country is treated as a small open economy, prices are determined
by the rest of the world and are thus exogenous. One of the two regions is
specialized in the production of the energy intensive good. Growth in en-
dogenous: returns to scale are decreasing at the level of the firm, but because
of the (intra-sectoral) technological spillovers, returns to scale are constant
at the sectoral level. Spillovers are modeled in the spirit of the Arrowian
learning-by-investing mechanism, resuscitated by Romer (1986). Introducing
R&D expenditures would have complicated unnecessarily the model given our
main objectives. Rather we consider the shortcut of learning-by-investing to
get a tractable yet far from trivial inter-sectoral inter-regional growth model.5

The country is assumed to face an exogenously given intertemporal objec-
tive in terms of pollution reduction inherited from international obligations
(e.g. the Kyoto Protocol and its successive steps)6. To this objective corre-
sponds a sequence of permit endowments. Given that a country has consid-
erable freedom in the choice of the specific allocation mechanism of permits
across its industries (Böhringer and Lange, 2005), the government of the coun-
try shares the permits between polluting firms following a certain rule. These

3Recent studies on two-sector growth models tend rather to emphasize that investment-
specific technological progress is likely to generate a persistent productivity gap between the
capital good and consumption good sectors, see Greenwood, Hercowitz and Krusell (1997).

4In this respect, our paper is linked to the literature on trade and environment. Contri-
butions to this strand of literature are a.o. Antweiler et al. (2001), Copeland and Taylor
(2003) and Batabyal and Beladi (2001). More specifically, articles that develop (as in the
present paper) a dynamic model of a small open economy are those of Copeland and Taylor
(1997) and Lee and Batabyal (2002). See also Ishikawa and Kiyono (2006).

5Boucekkine, del Rio and Licandro (2003) have already studied two-sector models with
learning-by-investing in each sector. However, they consider a non-regional closed-economy.

6Our approach is thus positive and not normative. We are not concerned by the opti-
mality or sub-optimality of the country’s objective.
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permits are tradable on an international market at a given exogenous price.
Following Böhringer and Lange (2005) and Rehdanz and Tol (2004), we

will focus on a dynamic emission-based grand-fathering rule (also called rolling
grand-fathering), where the permit endowment of a firm is a function of its
past emissions. This specification can be justified by the fact that “in most
existing emissions trading systems (e.g. the SO2 trading in the USA), emission
allowances are grand-fathered according to historical firm data on emissions
or fuel use. However permit endowments that only rely on historical data
previous to the reduction objective (i.e. without updating) cannot account for
changes in market conditions, e.g. for changing firm size or for new entrants.
Therefore, allocation plans that update the basis for allocation from period
to period may be politically more attractive.” (Böhringer and Lange, 2005).
This feature can be internalized by firms or not.

The paper is organized as follows. Section 2 describes the model and char-
acterizes optimal capital accumulation per sector and region. Section 3 is
devoted to study the impact of environmental policy in the framework of an
international permits market. First, we accurately describe the main assump-
tions underlying the baseline (no policy) scenario. Second the impact of the
environmental policy is evaluated, first at the sectoral level, then at the re-
gional level. Third, we summarize our findings, and more importantly, we
confront them to ERA and ERB. Section 4 concludes.

2 The model

We model a 2 regions - 2 sectors - 2 inputs small open multi-regional economy
where :
- the 2 regions are indexed by i (i = v, w),
- the 2 sectors (or 2 goods) are indexed by j (j = a, b),
- the 2 inputs are capital (k) and fossil energy (e).

Capital is understood in a broad sense, i.e. as a bundle of inputs like
physical and human capital, infrastructures, non-fossil energy,... Given that
we consider a small open economy, agents are price-takers, and prices are
determined by the rest of the world and are thus exogenous. Sector a produces
capital goods, sector b produces consumption goods. Energy is imported.
Technology depends only on the sector and is the same for the two regions.
National and foreign products of a certain type are supposed to be perfect
substitutes. Emissions are linked to energy consumption, and for the sake of
simplicity, e denotes simultaneously energy and emissions. We assume that
there exists an international tradable permits market where polluting firms

4

The B.E. Journal of Macroeconomics, Vol. 9 [2009], Iss. 1 (Topics), Art. 21

http://www.bepress.com/bejm/vol9/iss1/art21



can buy or sell permits at a given exogenous price.

2.1 Behavior of the firms

The technology of sector j (j = a, b) of region i (i = v, w) at date t (t ≥ 1) is
described by the following CES production function :

yijt = Aijt

[
αjk

ν
ijt + [1− αj] e

ν
ijt

] ξ
ν (1)

where y, k and e are production, capital and energy respectively and A is
a coefficient that measures technological progress. αj and 1 − αj are the
respective shares of capital and energy in sector j. We assume that the shares
αj satisfy 0 < αj < 1. ξ measures the returns to scale. We also assume that 0 <
ξ < 1, so that the returns of the production function are decreasing. ν is the
substitution parameter which determines the constant elasticity of substitution
between capital and energy (εke) through the relation εke = 1/ [1− ν] . For εke

to be a positive and finite number, one must verify that ν < 1. In order
to obtain clear cut results, we assume that ξ and ν are the same for both
sectors j = a, b. Hereafter, the case ν < 0 will be referred to as the inputs
complementarity case. Because ξ < 1, the production function is concave,
which is needed for the optimization problem below to make sense.

In our framework, adoption of green technologies that reduce the emis-
sions/production ratio are taken implicitly into account through substitution
of capital to energy and through technical progress, i.e. an increase of A
through capital accumulation (see hereafter).

The representative firm of sector j of region i is assumed to choose the flow
of its energy consumption and investment in order to maximize the sum of its
discounted profits :

Πij = max
{eijt,iijt}t≥1

∑
t≥1

πijt

[1 + r]t
(2)

under the constraints that

kijt = kij,t−1[1− δ] + ιijt, t ≥ 1 (3)

eijt = ẽijt + λeij,t−1, t ≥ 1 (4)

where by definition

πijt = pjtyijt − qteijt − patιijt + τt [eijt − eijt] (5)

and where eij0, kij0 and yij0 are given. r is the (exogenous) positive discount
rate. (3) is the familiar capital accumulation equation, where ι is investment
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and δ measures the depreciation rate of capital.7 (5) defines πijt as the current
profit of sector j of region i at date t, where pj, q and τ are the prices of good
j (j = a, b), energy and tradable permits respectively. Following Böringer
and Lange (2005), (4) defines the permit endowment received by sector j of
region i at date t (eijt) as a linear function of its emissions of the previous
period, where ẽijt, λ are given exogenous positive parameters.8 Since the price
of capital goods is used as the numéraire, pat = 1,∀t ≥ 1. After substitution
of (5), (3) and (4) in (2), the problem rewrites

max
{eijt,kijt}t≥1

∑
t≥1

1

[1 + r]t
[pjtyijt − [qt + τt] eijt

− [kijt − kij,t−1[1− δj]] + τt [ẽijt + λeij,t−1]]

=
1

[1 + r]
[kij0[1− δj] + τ1 [λeij0]]

+ max
{eijt,kijt}t≥1

∑
t≥1

1

[1 + r]t

[
pjtyijt −

[
qt + τt − τt+1

λ

1 + r

]
eijt

−
[
1− 1− δj

1 + r

]
kijt + τtẽijt

]

= Ct + max
{eijt,kijt}t≥1

∑
t≥1

1

[1 + r]t
[pjtyijt − q̃teijt − p̃jtkijt + τtẽijt] (6)

where we define

p̃jt = p̃ = 1− 1− δ

1 + r
=

δ + r

1 + r
(7)

as the user cost of capital of sector j at date t and

q̃t = qt + τt − τt+1
λ

1 + r
(8)

7For the sake of simplicity, we assume that the depreciation rate of capital is the same
in both sectors. Nevertheless we are able to verify that most of our results are also valid in
the case where the depreciation rate of capital varies across sectors.

8As Böhringer and Lange (2005) puts it, the feature that a firm accounts for the de-
pendence of its future permit endowments on its emissions corresponds to emission-based
rebating schemes of tax revenues. Efficient losses are then possible. The aim of these au-
thors is to compute the parameters of the relation between endowments and emissions in
order to minimize these losses. They show a.o. that the optimal values of these parameters
depend on whether the permits market is open or not. Our aim being quite different, we
will consider these parameters as exogenous.
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as the user cost of energy of sector j at date t.
First order conditions lead to

∂Πij

∂kijt

= αjpjtξ
yijt

αjkν
ijt + [1− αj] eν

ijt

kν−1
ijt − p̃j = 0

∂Πij

∂eijt

= [1− αj] pjtξ
yijt

αjkν
ijt + [1− αj] eν

ijt

eν−1
ijt − q̃t = 0

which after some computations yields the following solutions

eijt =

[
[1− αj] Aijtξ

pjt

q̃t

[
αjφ

ν
jt + 1− αj

] ξ
ν
−1

] 1
1−ξ

(9)

kijt = φjteijt (10)

yijt = Aijt

[
αjφ

ν
jt + 1− αj

] ξ
ν eξ

ijt (11)

where by definition

φjt =

[
1− αj

αj

p̃

q̃t

] 1
ν−1

(12)

is the capital-energy ratio.

2.2 Endogenous growth and technical spillovers

One assumes that

Aijt = ργ
t [θjtkij,t−1 + [1− θjt] Kj,t−1]

γ (13)

where by definition, Kjt = kwjt + kvjt is the capital of sector j at the country
level. γ is such that ξ+ γ = 1, i.e. global returns to scale are constant. ρt and
θjt (t ≥ 1) are exogenous positive parameters. With respect to the spillover
parameters θjt, we assume that 0 ≤ θjt < 1 (∀t ≥ 1) and limt→+∞ θjt = θj < 1.
(13) shows that the productivity factor of sector j of region i at time t depends
not only on the capital of this sector inherited from the previous period, but
also on the capital of the same sector of the other region. There is therefore
an inter-regional technological spillover at the sector level. The spillover is
intra-sectoral. Notice that the larger θjt, the lower the impact of the learning-
by-investing accumulated in region w on technological progress in region v for
sector j. We shall use this observation in some interpretations later on.

Given the previous assumptions, and given (9) and (10), one obtains
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kijt = φjtA
1

1−ξ

ijt

[
[1− αj] ξ

pjt

q̃t

[
αjφ

ν
jt + 1− αj

] ξ
ν
−1

] 1
1−ξ

= ζjtρt [θjtkij,t−1 + [1− θjt] Kj,t−1]

= ζjtρt

[
kij,t−1 + [1− θjt] keij,t−1

]
(14)

where ĩ designates the other region and where

ζjt = def φjt

[
[1− αj] ξ

pjt

q̃t

[
αjφ

ν
jt + 1− αj

] ξ
ν
−1

] 1
1−ξ

= φjt

[
αjφ

ν
jt + 1− αj

] ξ−ν
ν[1−ξ]

[
[1− αj] ξ

pjt

q̃t

] 1
1−ξ

(15)

For each sector j, we consider the system:

kwjt = ζjtρt [kwj,t−1 + [1− θjt] kvj,t−1] (16)

kvjt = ζjtρt [kvj,t−1 + [1− θjt] kwj,t−1] (17)

for t ∈ T , kwj0 and kvj0 given.

Proposition 1 The solutions to the system (16-17) can be expressed as:

kwjt =
1

2

t∏
m=1

{ζjmρjm}
{{

[kwj0 + kvj0]
t∏

m=1

[2− θjm]

}
+

{
[kwj0 − kvj0]

t∏
m=1

θjm

}}

(18)

kvjt =
1

2

t∏
m=1

{ζjmρjm}
{{

[kwj0 + kvj0]
t∏

m=1

[2− θjm]

}
+

{
[kvj0 − kwj0]

t∏
m=1

θjm

}}

(19)

Proof. See Appendix 1. .

It follows immediately that for a given sector j, and provided the two
regions have the same initial endowment of capital in that sector, then their
respective endowments of capital remain equal in all periods, that is:

kvjt = kwjt =
1

2
[kwj0 + kvj0]

t∏
m=1

ζjmρm [2− θjm]

8
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By Proposition 1, one can write for Region i

kijt =
1

2

{
t∏

m=1

ζjmρm [2− θjm]

}{
kij0 + keij0 +

[
kij0 − keij0

] t∏
m=1

θjm

2− θjm

}

(20)
Then :

Proposition 2 Whatever the initial conditions and the exogenous variables’
patterns, the regional capital stocks of the same sector converge to the same
value asymptotically:

lim
t→+∞

kwjt = lim
t→+∞

kvjt =
1

2
[kwj0 + kvj0]

+∞∏
m=1

ζjmρm [2− θjm] , j = a, b

Proof. See Appendix 2.

This strong result follows from the fact that except the initial sectoral en-
dowment of capital, the two regions are identical: they face the same interna-
tional prices and share the same technologies. In the presence of intra-sectoral
spillovers, the divergence force coming from endogenous growth (namely, con-
stant returns) is neutralized. Indeed, notice that if the parameters θjt = 1 for
every t, then equations (18) and (19) would imply that the capital stocks of
the two regions will diverge over time if the initial stocks are different. If this
sequence of parameters is permanently strictly below 1, then such a divergence
mechanism is dominated by intra-sectoral spillovers.

Given (20), one can express the growth rate of sector j of region i at time
t as

gijt =
kijt

kij,t−1

= ζjtρt [2− θjt] Xijt, i = v, w, j = a, b, t ≥ 1 (21)

where by definition

Xijt =
kij0 + keij0 +

[
kij0 − keij0

] ∏t
m=1

θjm

2−θjm

kij0 + keij0 +
[
kij0 − keij0

] ∏t−1
m=1

θjm

2−θjm

(22)

In the long term, gijt tends to ζjtρt

[
2− θj

]
, which as expected does not depend

on i.

9

Boucekkine and Germain: Pollution Cost Sharing

Published by The Berkeley Electronic Press, 2009



3 Impact of an environmental policy

3.1 Preliminaries

The baseline economy is characterized by the absence of environmental policy
(EP), i.e. there are no permit endowments and the user cost of energy reduces
to its price (q̃B

t = qt). The baseline is thus characterized by the following
growth rate for sector j of region i at time t :

gB
ijt =

kB
ijt

kB
ij,t−1

= ζB
jtρt [2− θjt] Xijt (23)

where given (15) and (12),

ζB
jt = φB

jt

[
αj

(
φB

jt

)ν
+ 1− αj

] ξ−ν
ν[1−ξ]

[
[1− αj] ξ

pjt

qt

] 1
1−ξ

(24)

φB
jt =

[
1− αj

αj

p̃j

qt

] 1
ν−1

(25)

and where Xijt is defined by (22). Therefore along the baseline, the user cost
of energy reduces to the price of energy (the baseline is characterized by a
sequence of permits prices equal to 0).

As we aim to study the impact of an EP across sectors and regions, we
state the following important assumptions which fix our framework without
any loss of generality:
Assumption 1 : Sector a is more energy intensive than sector b:

αa < αb (26)

Assumption 2 : Region w is initially more specialized in the production of
good a than Region v:

kwa0

kwb0

>
kva0

kvb0

(27)

We look at the impact of an EP characterized by a sequence of permits
prices {τt, t ≥ 1} and by permit endowments defined by (4). The burden shar-
ing rule (4) assumes that a firm’s current permit endowment depends on its
emissions in the previous period. We qualify this dependence as the “endow-
ment” effect. We first consider the case where this effect is not internalized by
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firms when they maximize their profits.9 In such a case, one applies (4) with
λ = 0 (j = a, b, ∀t ≥ 1) and :

eijt = ẽijt = ηeij,t−1, (28)

where η is a positive exogenous parameter (0 < η < 1) and eij,t−1 are the
emissions characterizing the EP at t − 1. ẽijt is considered as exogenous by
the firms when they solve problem (2), then given (8), one gets q̃t = qt + τt.
In section 3.3, we will consider the alternative case where the “endowment”
effect is internalized by firms.

In order to evaluate the impact of the EP, we proceed in successive steps.
First, we start with the sectoral level. At this level, the impact of the EP
with respect to the baseline (no policy) scenario is assessed in terms of (i)
growth rates, (ii) capital stocks, and (iii) total revenues (including net permit
endowments). Secondly, the analysis is extended to the regional level.

3.2 Impact at the sectoral level

3.2.1 Impact on the sectoral growth rates

Proposition 3 The impact of the EP on the sectoral growth rates is the same
in both regions:

gwjt

gB
wjt

=
gvjt

gB
vjt

, j = a, b (29)

Proof. Given (21), (23), (15) and (24), it follows that

gijt

gB
ijt

=
ζjt

ζB
jt

=
φjt

φB
jt

[
αjφ

ν
jt + 1− αj

αj

(
φB

jt

)ν
+ 1− αj

] ξ−ν
ν[1−ξ] [

qt

q̃t

] 1
1−ξ

(30)

where φjt and φB
jt are defined by (12) and (25) respectively. The RHS does

not depend on i, so the proposition follows immediately.

This result is very intuitive since the sectors j of both regions face the
same exogenous prices and share the same technologies. The effect of EP on
sectoral growth rates is much trickier as reflected in the following proposition.

Proposition 4 The EP affects the sectoral growth rates as follows:

gijt

gB
ijt

1 ⇔ νξ, i = v, w; j = a, b (31)

9This could be justified if the rule applies at an aggregate level and if the firm is small
enough and receives a fixed share of the total permits endowment.
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Proof. See Appendix 3.

The proposition has several implications. First, since growth is induced
by capital accumulation and as EP raises the cost of energy, capital accumu-
lation and thus growth are negatively affected by EP under complementarity
of energy and capital, that is when ν < 0, which is the most realistic case.
Second, when ν > 0, capital accumulation and growth are still harmed by EP
if the substitution parameter is low enough (here ν < ξ). Otherwise when
ξ < ν < 1, EP will stimulate growth. Needless to say, given that the input
factors are capital and energy, such a case is parametrically unrealistic and we
shall abstract from it hereafter. We now compare the impact of the EP on the
growth rates of both sectors.

Proposition 5 If ν < 0 then

giat

gB
iat

<
gibt

gB
ibt

, i = v, w (32)

Proof. See Appendix 4.

In other words, under factor complementarity, the more energy intensive
sector is more affected (relative to the baseline). The mechanisms behind this
property are similar to those outlined just above. Two remarks are however in
order. First of all, from (12), (15) and (21), one can easily verify that if ν < 0,
the sectoral growth rate is a negative function of the user cost of capital (i.e.
∂gijt/∂p̃ < 0). On the other hand, one also verifies under the same condition
that the lower the user cost of capital, the more the growth rate of a sector
is affected by the EP. In words, as the production factors become increasingly
complementary, a low user cost of capital promotes growth but also makes it
more sensible to an increase of the user cost of energy. Second, similarly to
the previous proposition, it should be underlined that the condition ν < 0 is
sufficient, but not necessary for the growth rate of the energy intensive sector
to be more affected by the EP than the other sector’s growth rate. On the
other hand, this rather expected result does not hold for all values of ν higher
than 0 10.

10We have also checked that Proposition 3 and 4 are verified when p̃a 6= p̃b. Proposition 5
is also verified if p̃a ≤ p̃b. But Proposition 5 does not hold for all possible values of p̃a and
p̃b.
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3.2.2 Impact on the sectoral capital stock

We compare the impact of the EP on capital accumulation of the two sectors
of a given region w.r.t. the baseline. Given (21) and (23), one has

kijt = kij0

t∏
m=1

gijm and kB
ijt = kij0

t∏
m=1

gB
ijm

so that
kijt

kB
ijt

=
t∏

m=1

gijm

gB
ijm

(33)

Then the two following propositions can be deduced straightforwardly from
the properties already established for the growth rates in the previous section.
Needless to say, the same economic mechanisms are active.

Proposition 6 If ν < 0 then

kiat

kB
iat

<
kibt

kB
ibt

, i = v, w (34)

Proof. This result follows immediately from Proposition 5.

Proposition 7 The impact of the EP on the sectoral capital stocks is the same
in both regions:

kwjt

kB
wjt

=
kvjt

kB
vjt

, j = a, b (35)

Proof. This result follows immediately from Proposition 3.

3.2.3 Impact on the sectoral revenues

We now compare the impacts of the EP on the sectoral revenues of the two
sectors of a given region w.r.t. the baseline. The sectoral revenue is defined
as the sum of the gross added value of the sector and the net endowment
of permits. In our setting, the intermediate consumption is limited to the
imported energy consumption11. Thus the sectoral revenue writes:

rijt = pjtyijt − qteijt + τt [eijt − eijt]

= sijt + τteijt, i = v, w, j = a, b, t ≥ 1 (36)

11Because we use the concept of gross added value, we ignore capital depreciation.
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where production and energy consumption are defined by (9) and (11), eijt is
defined by (4), and:

sijt = pjtyijt − q̃teijt (37)

is the sectoral revenue without permit endowment. Along the baseline, q̃t = qt

and there are no endowment of permits, implying

rB
ijt = sB

ijt.

We now check under which conditions it is verified that:
riat

rB
iat

<
ribt

rB
ibt

, i = v, w (38)

First, it should be noted that:

rijt

rB
ijt

=
sijt + τteijt

sB
ijt

=
sijt

sB
ijt

+
τteijt

sB
ijt

(39)

It is clear that a sufficient condition for (38) to be satisfied is that the two
following inequalities hold simultaneously:

siat

sB
iat

<
sibt

sB
ibt

(40)

τteiat

sB
iat

<
τteibt

sB
ibt

(41)

Hereafter, we consider these two inequalities separately.

Sectoral revenues without permit endowments
We start our analysis by the ratios of the sectoral revenue without endow-
ment terms

sijt

sB
ijt

, j = a, b. Using the equations (9) to (11), and after tedious

computations, one establishes that:

yijt =
ωjt

φjt

kijt, (42)

where

ωjt =
q̃t

pjt

αjφ
ν
jt + 1− αj

ξ(1− αj)
. (43)

We denote by ωB
jt the equivalent expression for the baseline (with qt replac-

ing q̃t). Equations (10) and (42) in turn imply that:

sijt =
kijt

φjt

[pjtωjt − q̃t] (44)

sB
ijt =

kB
ijt

φB
jt

[
pjtω

B
jt − qt

]
(45)
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so that :

sijt

sB
ijt

=
φB

jt

φjt

kijt

kB
ijt

pjtωjt − q̃t

pjtωB
jt − qt

.

Because the first term
φB

jt

φjt
only depends on the ratio eqt

qt
, which is the same in

both sectors, (40) reduces to :

kiat

kB
iat

patωat − q̃t

patωB
at − qt

<
kibt

kB
ibt

pbtωbt − q̃t

pbtωB
bt − qt

(46)

The discrepancy between sectoral revenues without permit endowment can
be attributed to two factors: the difference in capital accumulation via the
terms

kijt

kB
ijt

, already studied in Proposition 6, and the difference in the more

complex terms
pjtωjt−eqt

pjtωB
jt−qt

, which reflect the differences in factor intensity via the

term αj and a priori also in prices pjt. However, one can see that the latter
effect vanishes as it only plays through the product pjtωjt (since ωjt is inversely
proportional to pjt). More concretely, by definition of φjt, equation (44) implies
that the terms pjtωjt − q̃t are value-added per unit of energy terms (without
permit endowment here). Under an EP raising the price of energy, it is not
clear at all why these terms will be more negatively affected in the more energy-
intensive sector (relative to the baseline), and why factor complementarity
should reinforce such an effect. Actually, the following proposition shows just
the contrary.

Proposition 8 Given that ν < 1, we have:

pat ωat − q̃t

pat ωB
at − qt

pbt ωbt − q̃t

pbt ωB
bt − qt

⇔ ν0, (47)

Proof. See Appendix 5.

It follows that when ν < 0, the EP will have an ambiguous effect on the sec-
toral revenues without endowment since the effect through the terms

pjt ωjt−eqt

pjt ωB
jt−qt

(the value-added per unit of energy effect) goes against the effect through the
capital accumulation terms (the capital effect) already disentangled in Propo-
sition 6.

We can now state the following result:

Proposition 9 If ν < 0 then
siat

sB
iat

<
sibt

sB
ibt

(48)

for t large enough
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Proof. See Appendix 6.

The result depicted in the last proposition is proved by showing that the
value-added per unit of energy effect is dominated in the long term by the

capital effect. Indeed, the ratio
kiatk

B
ibt

kB
iatkibt

tends to 0 in the long run (this follows

from Proposition 5) while the the ratio patωat−eqt

patωB
at−qt

pbtω
B
bt−qt

pbtωbt−eqt
remains bounded from

below, thereby ensuring that (46) will be satisfied after some time. In the
short run, the value-added of the energy-intensive sector (without permit en-
dowments) might well be less harmed (relative to the baseline) as the capital
stock effect might not be sizeable enough at this time horizon. What if permit
endowments are accounted for?

Sectoral permit endowments
Now we focus on inequality (41). Let Λ ijt =

τt eijt

sB
ijt

. As we will see in a

minute, these transfer terms will make the problem even trickier. Given that
eijt is defined by (28) and because of the optimality condition (10), we have:

Λijt =
ητt

pjtωB
jt − qt

kijt−1

φjt−1

φB
jt

kB
ijt

,

which, given (21), (12) and (25) can be rewritten as:

Λijt =
ητt

pjtωB
jt − qt

kijt−1

kijt

kijt

kB
ijt

φjt

φjt−1

φB
jt

φjt

. (49)

=
ητt

pjtωB
jt − qt

1

gijt

kijt

kB
ijt

[
q̃t

q̃t−1

] 1
1−ν

[
qt

q̃t

] 1
1−ν

(50)

Therefore the transfer term is quite complicated since it can be decomposed
into the product of five different terms. Fortunately, the fourth and fifth terms
are sector-independent and thus cancel when one considers the inequality (41).

The impact of the EP through the third term,
kijt

kB
ijt

, is depicted in Proposition

6. Unfortunately, things are less clear if we account for the first term, ητt

pjtωB
jt−qt

,

which appeared above in the analysis of sectoral revenues without endowment,
and for the second term,

kijt−1

kijt
= 1

gijt
, which derives from the grand-fathering

rule adopted. In short, we cannot bring out an immediate conclusion on the
transfer term Λijt which can be or not favorable to the less energy-intensive
sector for a fixed date t. However, similarly to our treatment for the sectoral
revenue without endowment, we can precise the conditions under which that
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transfer term is favorable to the less energy-intensive sector for t large enough,
even though it is already obvious that everything can happen in the short-run.

Proposition 10 If (i) ν < 0 and (ii) the ratio pat

pbt
does not tend to 0, then

τt eiat

sB
iat

<
τt eibt

sB
ibt

(51)

for t large enough

Proof. See Appendix 7.

The proof follows the same reasoning as for Proposition 9. But in con-
trast to what happens with the sectoral revenues without endowment, sectoral
prices pjt can potentially influence the last inequality through the terms ζjt in
(21) appearing in the transfer component of the sectoral revenues comparison.
Proposition 10 shows clearly that it is not the case: For any relative price
pat

pbt
= 1

pbt
which does not go to zero asymptotically, that is for any sequence of

prices pbt which does not go to infinity, the transfer terms rank in the “right”
way under factor complementarity. This seems a minimal requirement in a
framework like ours, Proposition 10 is therefore a quite robust asymptotic
finding.

Finally, we reconsider inequality (38):

Proposition 11 (i) If ν < 0 and the ratio pat

pbt
does not tend to 0, or (ii) if

ν < 0 and the ratio τt

qt
is sufficiently small, then:

riat

rB
iat

<
ribt

rB
ibt

(52)

for t large enough.

Proof. Result (i) follows immediately from (39) and Propositions 9 and
10. The proof of Result (ii) is in Appendix 8.

Result (ii) can be obtained when (40) is satisfied, while (41) is not. Con-
sider the RHS of (36). Given (43) and (44), sijt is proportional to the user cost
of energy q̃t = qt + τt, sB

ijtis proportional to the price of energy qt, while the
permit endowment term τteijt is obviously proportional to the price of permits
τt. If the ratio τt

qt
is small, τt

eqt
is also small, and it is then intuitive that the term

sijt

sB
ijt

dominates the term
τteijt

sB
ijt

in (39). Thus (52 ) follows after some time, given

Proposition 9.
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3.3 Internalizing the “endowment” effect

So far the impact of the EP has been analyzed under the assumption that the
“endowment” effect is not internalized by firms (the permit endowments are
given by (28) and q̃t = qt + τt). We now consider the alternative case where
the “endowment” effect is internalized by firms. Formally, one applies (4) with
ẽijt = 0 and

eijt = λeij,t−1 (53)

where 0 < λ < 1 and eij,t−1 are the emissions characterizing the EP at t − 1.
eijt is considered as endogenous by the firms when they solve problem (2),
then given (8), q̃t = qt + τt − τt+1

λ
1+r

.
In this case, the “endowment” effect translates into a decrease of the user

cost of energy w.r.t. the case where this effect is not internalized. Nevertheless
we make the reasonable assumption that the EP has the final effect to increase
the user cost of energy. Formally :

Assumption 3 : λ is sufficiently small so that :

τt − τt+1
λ

1 + r
> 0, j = a, b, ∀t ≥ 1

In words, the effect of today’s energy consumption on tomorrow’s permit en-
dowment is never sufficient to counteract the direct increase of the total cost
of energy through the permits price.

Then, given (53) and the above assumption, one verifies easily that Propo-
sitions 3 to 11 follow again by a similar reasoning. It appears that the fact
that firms anticipate the endowment effect or not does not modify our results.

3.4 Impact at the regional level

3.4.1 Specialization of the regions

Let us define the specialization index of Region i (i = v, w) at time t by the
ratio:

χit =
kiat

kibt

(54)

We also define the spread of specialization index at time t by the ratio of the
specialization indexes of the two regions:

σt =
χwt

χvt

=
kwat

kwbt

kvbt

kvat
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The purpose of the present subsection is to study the evolution of the regions’
specialization through time. Using (20), we have:

χit =
kiat

kibt

=

{∏t
m=1 ζam [2− θam]

}{
kia0 + keia0 + [kia0 − keia0]

∏t
m=1

θam

2−θam

}

{∏t
m=1 ζbm [2− θbm]

} {
kib0 + keib0 + [kib0 − keib0]

∏t
m=1

θbm

2−θbm

} , i = v, w

and

σt =

{
kwa0 + kva0 + [kwa0 − kva0]

∏t
m=1

θam

2−θam

}
{

kwb0 + kvb0 + [kwb0 − kvb0]
∏t

m=1
θbm

2−θbm

}
{

kwb0 + kvb0 + [kvb0 − kwb0]
∏t

m=1
θbm

2−θbm

}
{

kwa0 + kva0 + [kva0 − kwa0]
∏t

m=1
θam

2−θam

}

(55)
One observes that in our set-up the spread of specialization index depends
only on the initial stocks of capital and on the spillovers parameters that are
exogenous. This property derives from two features of our setting. First of all,
the specialization index is defined in terms of capital stocks: if it were defined
in terms of value-added, prices would show up. Second, the assumption that
the sectoral technologies are the same in all regions is essential in getting the
prices out of the specialization index as one can infer from the computation of
σt just above. Given this property, the latter index will not be affected by the
environmental policies considered. This does not mean that the specialization
index of a region (defined by (54)) does not change under an environmental
policy w.r.t. the baseline. It means that the specialization indexes of the two
regions are affected identically such that their spread remains unchanged.

In the long run, these formulas imply the following properties:

lim
t→+∞

χit =
Ka0

Kb0

[
+∞∏
m=1

ζam

ζbm

]
, i = v, w (56)

and
lim

t→+∞
σt = 1 (57)

This result follows immediately from Proposition 2. Equation (56) shows that
in the long run the regional specialization index reflects the initial specializa-
tion index at the national level and the exogenous patterns of prices (through
the parameters ζjm (see (15)), which interact multiplicatively in our model.

Assume that σ0 > 1 (i.e. Region w is more specialized in the production of
the capital good). But the preceding result does not imply that σt decreases
monotonously from σ0 > 1 to σ∞ = 1, as will be shown in the following
subsection.
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3.4.2 Impact on the regional revenues

The total revenue (i.e. after transfers) of region i (i = v, w) at time t writes:

Rit = riat + ribt, i = v, w

The impact of the EP on the total revenue of region i can be measured by
the ratio:

Rit

RB
it

=
riat

rB
iat

sB
iat

SB
it

+
ribt

rB
ibt

[
1− sB

iat

SB
it

]

where we have made use of the fact that along the baseline, rB
ijt = sB

ijt (j =

a, b) ⇒ RB
it = SB

it = siat + sibt (i = v, w; t ≥ 1). The share of sector a in region
i’s regional product at time t at the baseline (sB

iat/S
B
it ) writes, given (43) and

(45):

sB
iat

SB
it

=
1

1 + 1−αa

1−αb

αb(φB
bt)

ν
+[1−αb][1−ξ]

αa(φB
at)

ν
+[1−αa][1−ξ]

φB
at

φB
bt

kB
ibt

kB
iat

(58)

This share is thus positively related to the specialization index of region i along
the baseline : χB

it = kB
iat/k

B
ibt.

We want to check under which conditions the inequality

Rwt

RB
wt

<
Rvt

RB
vt

(59)

is satisfied. If riat

rB
iat

< ribt

rB
ibt

is verified, a sufficient condition ensuring (59) is that

sB
wat

SB
wt
≥ sB

vat

SB
vt

, or given (58), that
kB

wbt

kB
wat

≥ kB
vbt

kB
vat
⇔ σt ≥ 1 12. There should not be

any inversion of specialization at date t w.r.t. date 0.
In this respect, we have the following result:

Proposition 12 The spread of specialization index will not be reversed in
period t w.r.t. period 0 (i.e. σ0 > 1 and σt > 1), depending on the ratio of the
spillover parameters θbt/θat (t ≥ 1) and on the initial capital endowments.

Proof. Given (55), it is easy to verify that σt > 1 implies that :

[kwb0 + kvb0] [kwa0 − kva0]
t∏

m=1

θam

2− θam

> [kwa0 + kva0] [kwb0 − kvb0]
t∏

m=1

θbm

2− θbm

12Remember that the spread of specialization index is not modified by the environmental
policy.
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Two cases emerge :
(a) kwb0 − kvb0 > 0 : it follows that σt > 1 iff:

[kwb0 + kvb0] [kwa0 − kva0]

[kwa0 + kva0] [kwb0 − kvb0]
>

t∏
m=1

θbm

2−θbm

θam

2−θam

From assumption (27) it follows that kwa0 > kva0. The sequence {θat, t ≥ 1}
must be in ”average” high enough w.r.t. the sequence {θbt, t ≥ 1} . This im-
plies that in the long term, i.e. when the sequences are close to their limit
values θj (j = a, b), the above inequality implies that the ratio θb/θa is low
enough.
(b) kwb0 − kvb0 < 0 : it follows that σt > 1 iff:

[kwb0 + kvb0] [kwa0 − kva0]

[kwa0 + kva0] [kwb0 − kvb0]
<

t∏
m=1

θbm

2−θbm

θam

2−θam

If kwa0 − kva0 < 0, then the sequence {θat, t ≥ 1} must be in ”average” low
enough w.r.t. the sequence {θbt, t ≥ 1} . This implies that in the long term,
i.e. when the sequences are close to their limit values θj (j = a, b), the above
inequality implies that the ratio θb/θa is high enough. If kwa0 − kva0 > 0, the
regions have opposite specializations (i.e. kwa0 > kva0 and kwb0 < kvb0), then
the above inequality is necessarily satisfied whatever the spillover parameters.

In summary, the EP affects more the regional product of the Region w at
date t if the two following conditions are satisfied:
- the energy sector is more affected by the EP than the other sector (i.e.
riat/r

B
iat < ribt/r

B
ibt);

- Region w is more specialized in the energy intensive sector 1 at date t. Given
Assumption 2, this supposes that there is no inversion of specialization w.r.t.
the initial period (t = 0);
OR if these two conditions are both invalidated.

Regarding the Belgian situation, one has kwb0 < kvb0 (where w is Wallonia
and v is Flanders), so that case (b) above applies. Because it is generally
expected that the technological spillovers are higher in the capital good sector
(1 − θat ≥ 1 − θbt =⇒ θat ≤ θbt, t ≥ 1), one has an indication that there will
be no inversion of specialization (at least after some time), so that Wallonia
is likely to be more affected than Flanders by an EP such as studied in this
paper if sector a (the energy intensive sector) remains more burdened in the
long run.
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3.5 Summing up: Are ERA and ERB so obvious?

We now summarize the principal results obtained and assess to which extent
the statements ERA and ERB are corroborated.

First, at the sectoral level :
(a) in terms of growth rates, the energy intensive sector (the capital good

sector) is more burdened by the EP than the other sector (the consumption
good sector) if the production factors are complementary, that is if the sub-
stitution parameter (ν) is lower than 0. This is true at any period.

(b) in terms of capital stocks, the energy intensive sector is more burdened
by the EP than the other sector if ν < 0. This is true at any period.

(c) in terms of total revenue (that is taking account of the net permit
endowment of the sector determined by an “emission-based grand-fathering”
sharing rule) :
- everything can happen in the short term;
- in the long term, the energy intensive sector is more burdened by the EP
than the other sector if ν < 0 and, either (i) the relative output price of the
energy intensive sector pat/pbt) does not tend to 0 in the long run, or (ii) the
ratio τt/qt is sufficiently small.

Making the link with the ERA presented in the introduction, one observes
that this result holds when considering capital accumulation (whether in terms
of growth rate or in terms of capital stock) if the production factors are
complementary. Under factor substitution, ERA is ruled out if the elasticity of
substitution is large enough. In terms of total revenue, it could be invalidated
in the short term, and even in the long term if the ratio pat/pbt tends to 0.

Secondly, at the regional level :
(a) starting with different specializations, the two regions converge to the
same specialization (measured by the ratio of the capital stocks of their respec-
tive sectors), but not necessarily in a monotonic way. Conditions are estab-
lished under which the spread of specialization, which depends on the initial
capital endowments and on the technological spillovers, might be reversed.

(b) in terms of total regional revenue (equal to the sum of the sectoral total
revenues), the region specialized in the energy intensive sector is more affected
by the EP than the other region if

- the energy intensive sector is more burdened than the other sector AND
there is no inversion of specialization;

- the energy intensive sector is less burdened than the other sector AND
there is inversion of specialization.

Making the link with the ERB presented in the introduction, one observes
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that this result does not preclude the situation where the region initially more
affected by the EP is less affected in the long run.

However one also observes that translated in the framework of the Belgian
debate, our analysis suggests that there will be no inversion of specialization,
so that Wallonia is likely to be more affected than Flanders by environmental
policies as modeled in this paper, not only in the short run (as in Germain et
al., 2006) but also in the long run.

4 Conclusion

The model presented in this paper has been designed to study the burden
sharing of pollution abatement in the context of a Kyoto-like protocol in a
multi-regional multi-sectoral economy. In order to get the dynamic picture,
we have considered time-dependent intra-sectoral spillovers across regions and
learning-by-investing in each sector. In such a context, we have disentangled
the main price-based and quantity-based mechanisms which determine the im-
pact of environmental policy at different levels (sectoral and regional revenues
notably). Within this framework, we have been able to extract some qualita-
tive predictions for a small multi-regional country like Belgium. Nonetheless,
to refine some of our conclusions, a more quantitative assessment is needed,
and this would require a rigorous calibration of the model, including the ex-
ogenous price processes involved. A major difficulty comes from the fact that
some processes like the price of pollution permits are not very well known given
the short historical record. Alternatively, some reasonable scenarios could be
considered.

On another hand, our model relies on some important simplifying assump-
tions, For instance, we have considered a small open economy where all prices
are exogenous. Another assumption is that technologies are the same in both
regions, and that these regions differ only in their initial relative endowments
of capital. Production depends only on two factors, capital and (fossil) energy,
and technology differs among sectors only at the level of the factor shares13.
Further lines of research would be to assess the importance of these assump-
tions for our results.

Finally, we have only considered a dynamic “emission-based grand-fathering”
sharing rule. Another possible line of interest would be to study other sharing
rules, eventually designed to share the burden in a desired way.

13However, as argued in the paper, some of our results remain valid when the user cost
of capital differs between sectors.
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5 Appendix

5.1 Proof of Proposition 1

The system (16-17) can be rewritten in a planar stacked form :

Kjt = ζjtρtAjtKj,t−1 (60)

where

Ajt =

[
1 1− θjt

1− θjt 1

]

and

Kjt =

[
kwjt

kvjt

]

The eigenvalues of Ajt are θjt and 2− θjt. Denote P =

[
1 1
1 −1

]
and

Djm = ζjmρm

[
2− θjm 0

0 θjm

]
. It is easy to check that the vector

[
1
1

]
is

an eigenvector of Ajt associated with the eigenvalue 2− θjt, ∀t ≥ 1. The same

can be said about the vector

[
1
−1

]
and the eigenvalue θjt. Therefore the

eigenvectors are time independent. It follows that

Kjt = ζjtρtP

[
2− θjt 0

0 θjt

]
P−1Kj,t−1

Then elementary backward successive substitutions leads to the solution to
the system (60) :

Kjt = P

[
t∏

m=1

Djm

]
P−1Kj0 (61)

Then noticing that P−1 = P/2, one obtains (18) and (19).

5.2 Proof of Proposition 2

By Proposition 1, one can write for Region i :

kijt =
1

2

{
t∏

m=1

ζjmρm [2− θjm]

}{
kij0 + keij0 +

[
kij0 − keij0

] t∏
m=1

θjm

2− θjm

}

where ĩ is the other region. Given that by assumption, the sequence θjt is such

that 0 ≤ θjt < 1 and limt→+∞ = θj < 1, we have :
θjm

2−θjm
< 1, ∀m ≥ 1, so that
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the sequence ωjt =
∏t

m=1
θjm

2−θjm
is strictly decreasing, and since it is bounded,

it is converging. Notice that ωjt is asymptotically geometric with coefficient
θj

2−θj
< 1, which implies that limt→+∞ ωjt = 0.

5.3 Proof of Proposition 3

Given (30), (31) can be rewritten :

gijt

gB
ijt

=
Fj(q̃t)

Fj(qt)
(62)

where by definition Fj(x) =
φj(x)[αjφν

j (x)+1−αj]
ξ−ν

ν[1−ξ]

x
1

1−ξ
and φj(x) =

[
1−αj

αj

epj

x

] 1
ν−1

.

Let us take the total differential of ln(Fj(x)) and of ln(φj(x)) :

dFj

Fj

=
dφj

φj

+
ξ − ν

ν [1− ξ]

αjνφν−1
j (x)dφj

αjφν
j (x) + 1− αj

− 1

1− ξ

dx

x
(63)

dφj

φj

=
1

1− ν

dx

x
(64)

Using (64) to substitute dφj/φj in (63), one obtains :

dFj

Fj

=
1

1− ν

dx

x
+

ξ − ν

[1− ξ] [1− ν]

αjφ
ν
j (x)

αjφν
j (x) + 1− αj

dx

x
− 1

1− ξ

dx

x

Thus the elasticity of Fj w.r.t. x writes :

εFj ,x = def
x

Fj

dFj

dx
=

1

1− ν
+

ξ − ν

[1− ξ] [1− ν]

αjφ
ν
j (x)

αjφν
j (x) + 1− αj

− 1

1− ξ

=
ξ − ν

[1− ξ] [1− ν]

[
−1 +

αjφ
ν
j (x)

αjφν
j (x) + 1− αj

]

=
ν − ξ

[1− ξ] [1− ν]

1− αj

αjφν
j (x) + 1− αj

Because ξ, ν < 1, 0 < αj < 1 (by assumption) and αjφ
ν
j (x) + 1 − αj > 0, the

sign of εFj ,x is the sign of ν − ξ. Given that q̃t = qt + τt > qt and that the sign
of F ′

j(x) is the same as the sign of εFj ,x, the thesis follows.
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5.4 Proof of Proposition 4

Given (30), (32) reduces to :

φat

φB
at

[
αaφ

ν
at + 1− αa

αa (φB
at)

ν
+ 1− αa

] ξ−ν
ν[1−ξ]

<
φbt

φB
bt

[
αbφ

ν
bt + 1− αb

αb (φB
bt)

ν
+ 1− αb

] ξ−ν
ν[1−ξ]

(65)

Given (12) and (25), φat

φB
at

= φbt

φB
bt

=
[

qt

eqt

] 1
ν−1

> 0. Because ν < 0, (65) leads to :

αaφ
ν
at + 1− αa

αa (φB
at)

ν
+ 1− αa

>
αbφ

ν
bt + 1− αb

αb (φB
bt)

ν
+ 1− αb

By using again (12) and (25), one obtains :

αa

[
1−αa

αa

ep
eqt

] ν
ν−1

+ 1− αa

αa

[
1−αa

αa

ep
qt

] ν
ν−1

+ 1− αa

>
αb

[
1−αb

αb

ep
eqt

] ν
ν−1

+ 1− αb

αb

[
1−αb

αb

ep
qt

] ν
ν−1

+ 1− αb

Let Bj =
[

αj

1−αj

] 1
1−ν

and F (x) =

h
ep
eqt

i ν
ν−1 x+1

h
ep

qt

i ν
ν−1 x+1

. Then the last inequality can be

rewritten :Res
F (Ba) > F (Bb) (66)

Now F ′(x) =

h
ep
eqt

i ν
ν−1−

h
ep

qt

i ν
ν−1

»h
ep

qt

i ν
ν−1 x+1

–2 < 0 ⇐ q̃t > qt and ν < 0. Then (66) must be

verified because Ba < Bb, which follows from Assumption 1.

5.5 Proof of Proposition 8

Given the expression of the terms ωjt (cfr. (43)), the sectoral prices pjt will
immediately vanish when performing the products pjtωjt. After some simple
algebraic operations,

pat ωat − q̃t

pat ωB
at − qt

pbt ωbt − q̃t

pbt ωB
bt − qt

can be rewritten

ut(Xa) =

(
ep
eqt

) ν
ν−1

Xa + 1− ξ
(
ep
qt

) ν
ν−1

Xa + 1− ξ

(
ep
eqt

) ν
ν−1

Xb + 1− ξ
(
ep
qt

) ν
ν−1

Xb + 1− ξ

= ut(Xb)
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where

Xj =

(
1− αj

αj

) 1
ν−1

.

One verifies that

u′t(X) ∼
(

p̃

q̃t

) ν
ν−1

−
(

p̃

qt

) ν
ν−1

Then, since qt < q̃t, we have:

u′t(X) < 0 iff ν < 0

u′t(X) = 0 iff ν = 0

u′t(X) > 0 iff 0 < ν < 1

Since Xj is increasing in αj when ν < 1, αa < αb ⇒ Xa < Xb. Then (47)
follows.

5.6 Proof of Proposition 9

Given (10), (42) and (43), (37) becomes :

sijt = pjtyjt − q̃teijt =

[
αjφ

υ
jt + 1− αj

ξ [1− αj]
− 1

]
q̃t

kijt

φjt

where φjt is defined by (12). Equivalently, for the baseline, we have:

sB
ijt = pjty

B
jt − qte

B
ijt =

[
αj

(
φB

jt

)ν
+ 1− αj

ξ [1− αj]
− 1

]
qt

kB
ijt

φB
jt

where φB
jt is defined by (25). Then:

siat

sB
iat

<
sibt

sB
ibt

(67)

⇔

[
αaφν

at+1−αa

ξ[1−αa]
− 1

]
q̃t

kiat

φat[
αa(φB

at)
ν
+1−αa

ξ[1−αa]
− 1

]
qt

kB
iat

φB
at

<

[
αbφ

ν
bt+1−αb

ξ[1−αb]
− 1

]
q̃t

kibt

φbt[
αb(φB

bt)
ν
+1−αb

ξ[1−αb]
− 1

]
qt

kB
ibt

φB
bt

⇔
αaφν

at+1−αa

ξ[1−αa]
− 1

αa(φB
at)

ν
+1−αa

ξ[1−αa]
− 1

kiat

kB
iat

φB
at

φat

<

αbφ
ν
bt+1−αb

ξ[1−αb]
− 1

αb(φB
bt)

ν
+1−αb

ξ[1−αb]
− 1

kibt

kB
ibt

φB
bt

φbt

⇔ αaφ
ν
at + [1− αa] [1− ξ]

αa (φB
at)

ν
+ [1− αa] [1− ξ]

kiat

kB
iat

<
αbφ

ν
bt + [1− αb] [1− ξ]

αb (φB
bt)

ν
+ [1− αb] [1− ξ]

kibt

kB
ibt
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⇔ kiat

kB
iat

kB
ibt

kibt

<
αbφ

ν
bt + [1− αb] [1− ξ]

αb (φB
bt)

ν
+ [1− αb] [1− ξ]

αa

(
φB

at

)ν
+ [1− αa] [1− ξ]

αaφν
at + [1− αa] [1− ξ]

⇔ kia0

kB
ia0

kB
ib0

kib0

t∏
m=1

[
giam

gB
iam

gB
ibm

gibm

]
<

αbφ
ν
bt + [1− αb] [1− ξ]

αaφν
at + [1− αa] [1− ξ]

αa

(
φB

at

)ν
+ [1− αa] [1− ξ]

αb (φB
bt)

ν
+ [1− αb] [1− ξ]

⇔ kia0

kB
ia0

kB
ib0

kib0

t∏
m=1

[
giam

gB
iam

gB
ibm

gibm

]
<

G(q̃t)

G(qt)
(68)

where one has made use of (33) and where by definition (given (12) and (25)):

G(x) =
αb

[
1−αb

αb

ep
x

] ν
ν−1

+ [1− αb] [1− ξ]

αa

[
1−αa

αa

ep
x

] ν
ν−1

+ [1− αa] [1− ξ]

(69)

The LHS of (68) tends to 0 in the long term (⇐ giam

gB
iam

< gibm

gB
ibm

, ∀m by

Proposition 5).
q̃t and qt are exogenous functions that can take any values in <+. Now G(x)

is a strictly positive continuous function in <+ that is bounded from above
and from below. Indeed G(+∞) = 1−αb

1−αa
and

lim
x→0

G(x) =
αb

[
1−αb

αb
p̃
] ν

ν−1
+ [1− αb] [1− ξ] x

ν
ν−1

αa

[
1−αa

αa
p̃
] ν

ν−1
+ [1− αa] [1− ξ] x

ν
ν−1

=
αb

[
1−αb

αb

] ν
ν−1

αa

[
1−αa

αa

] ν
ν−1

Therefore the RHS of (68) is also bounded from below and from above. Thus
the above inequality (67) must be satisfied after some time14.

5.7 Proof of Proposition 10

From (50) and (25),

Λijt =
ητt[

αj(φB
jt)

ν
+1−αj

ξ[1−αj ]
− 1

]
qt

1

gijt

kijt

kB
ijt

[
q̃t

q̃t−1

] 1
1−ν

[
qt

q̃t

] 1
1−ν

Then :

14It can easily be checked that inequality (67) holds also when the user costs of capital
are sector specific.
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Λiat < Λibt

⇔ ξ [1− αa]

αa (φB
at)

ν
+ [1− αa] [1− ξ]

1

giat

kiat

kB
iat

<
ξ [1− αb]

αb (φB
bt)

ν
+ [1− αb] [1− ξ]

1

gibt

kibt

kB
ibt

⇔ kiat

kB
iat

kB
ibt

kibt

<
1− αb

1− αa

αa

(
φBat

)ν
+ [1− αa] [1− ξ]

αb (φB
bt)

ν
+ [1− αb] [1− ξ]

giat

gibt

⇔ kia0

kB
ia0

kB
ib0

kib0

t∏
m=1

[
giam

gB
iam

gB
ibm

gibm

]
<

1− αb

1− αa

1

G(qt)

giat

gibt

where one has made use of (33) and where G(x) is defined in the proof of
Proposition 9 (cfr. (69)).

The LHS tends to 0 in the long term (⇐ giam

gB
iam

< gibm

gB
ibm

, ∀m by Proposition

5).
We look at the RHS :

- the first term is a constant;
- the 2d term is bounded by a strictly positive term (see the proof of Propo-
sition 9);
- we now discuss the 3d term. Recall (21), (15) and (22). Then :

giat

gibt

=
ζat

ζbt

[2− θat]

[2− θbt]

Xiat

Xibt

The first ratio of the RHS can be developed :

ζat

ζbt

=
φat [αaφ

ν
at + 1− αa]

ξ−ν
ν[1−ξ]

[
[1− αa] ξ

pat

eqt

] 1
1−ξ

φbt [αbφν
bt + 1− αb]

ξ−ν
ν[1−ξ]

[
[1− αb] ξ

pbt

eqt

] 1
1−ξ

=

[
1− αa

1− αb

] 1
1−ξ φat

φbt

[
αaφ

ν
at + 1− αa

αbφν
bt + 1− αb

] ξ−ν
ν[1−ξ]

[
pat

pbt

] 1
1−ξ

=

[
1− αa

1− αb

] 1
1−ξ

[
1−αa

αa
p̃a

1−αb

αb
p̃b

] 1
ν−1 [

1

H(q̃t)

] ξ−ν
ν[1−ξ]

[
pat

pbt

] 1
1−ξ

where one has made use of (12) and where by definition :

H(x) =
αbφ

ν
bt + 1− αb

αaφν
at + 1− αa

=
αb

[
1−αb

αb

epb

x

] ν
ν−1

+ 1− αb

αa

[
1−αa

αa

epa

x

] ν
ν−1

+ 1− αa
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Thus

giat

gibt

=

[
1− αa

1− αb

] 1
1−ξ

[
1−αa

αa
p̃a

1−αb

αb
p̃b

] 1
ν−1 [

1

H(q̃t)

] ξ−ν
ν[1−ξ] 2− θat

2− θbt

Xiat

Xibt

[
pat

pbt

] 1
1−ξ

Let us verify how this ratio behaves through time :
- the two first terms are constants;
- q̃t and qt are exogenous functions that can take any values in <+. Now H(x)
is a strictly positive continuous function in <+ that is bounded from above
and from below, and that has the same limits as G(x) defined in the proof
of Proposition 9. Thus the third term is bounded from below by a strictly
positive term.
- the fourth term is also bounded because the spillovers θjt ∈ [0, 1[ , j = a, b;
- the fifth term tends to 1 in the long term because Xijt → 1 (j = a, b)
asymptotically;
- the sixth term is bounded from below, except if the ratio pat

pbt
tends to zero

in the long term.
Thus the inequality Λiat < Λibt will be verified in the long run EXCEPT if

the ratio pat

pbt
tends to zero in the long term.

5.8 Proof of Proposition 11 (Result (ii))

Given (49), (44) and (45), one obtains :

rijt

rB
ijt

=
sijt

sB
ijt

+ Λijt

=

[
αjφυ

jt+1−αj

ξ[1−αj ]
− 1

]
q̃t

kijt

φjt
+ ητt

1
gijt

kijt

φjt

φjt

φjt−1[
αj(φB

jt)
ν
+1−αj

ξ[1−αj ]
− 1

]
qt

kB
ijt

φB
jt

=

αjφυ
jt+1−αj

ξ[1−αj ]
− 1 + η τt

eqt

1
gijt

[
eqt

eqt−1

] 1
1−ν

αj(φB
jt)

ν
+1−αj

ξ[1−αj ]
− 1

kijt

kB
ijt

q̃t

qt

φjt

φB
jt

Because the last two ratios do not depend on j, one has

riat

rB
iat

<
ribt

rB
ibt

(70)

⇔
αaφυ

at+1−αa

ξ[1−αa]
− 1 + η τt

eqt

1
giat

[
eqt

eqt−1

] 1
1−ν

αaφυ
at+1−αa

ξ[1−αa]
− 1

kiat

kB
iat

<

αbφ
υ
bt+1−αb

ξ[1−αb]
− 1 + η τt

eqt

1
gibt

[
eqt

eqt−1

] 1
1−ν

αbφ
υ
bt+1−αb

ξ[1−αb]
− 1

kibt

kB
ibt
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It appears that if the ratio τt

eqt
is small, the first member of the numerators of

each term of the inequality is predominant. Then verifying (70) is close to
verify (67), so that Proposition 9 applies.
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