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Abstract

While ordinal complementarity is more general than cardinal complementarity, the

corresponding global sufficient conditions placed on the primitives of a constrained

optimization problem are generally not comparable. We explore this issue in detail for

the special case of a Cournot firm. We derive necessary and sufficient conditions for

downward-sloping best-responses by imposing the ordinal test only for output levels

that are actually reached. Both global tests, cardinal and ordinal, are shown not to

be critical sufficient conditions. Finally, we confirm that checking supermodularity of

suitably transformed profits can work when the global tests for ordinal and cardinal

complementarity both fail.
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1 Introduction

This paper is an inquiry, from an applications point of view focusing on Cournot oligopoly,

into the relationship between cardinal complementarity, developed by Topkis (1978), and

its ordinal version, proposed by Milgrom and Shannon (1994)1. While it is well-known that

the ordinal notions are more general, the cardinal notions are often crucially needed in some

applications, due in particular to their convenient differential characterization and to their

preservation under a number of useful operations, such as addition and partial maximization.

The starting point for the present paper is the following simple observation. In a typical

application of the theory of lattice-based comparative statics, the main object is to derive

respective minimally sufficient conditions on the primitives of the model, such as demand,

cost, or utility functions, which guarantee cardinal or ordinal complementarity between the

decision and the parameter variables in the relevant objective function. The latter is most

often formed via simple operations performed on the model primitives, such as addition,

multiplication, composition, etc... As these sufficient conditions are typically not necessary

for the desired complementarity property, one cannot expect the conditions implying ordinal

complementarity to be more general than those generating cardinal complementarity, in spite

of the clear-cut relationship between the two types of complementarity.

One frequently encountered reason as to why the two sets of conditions fail to be com-

parable is that is that they are imposed globally on the primitive functions of the model,

while only a proper subset of the domain of these primitive functions will actually be reached

along a monotone optimal argmax. It follows that imposing the sufficient conditions globally

will typically be unnecessary. However, attempting to impose them in a specified local sense

would require a priori knowledge of (some features of) the optimal path.

The present paper has twin goals. The first is to provide an extensive investigation

of the relationship between ordinal and cardinal complementarity for the case of Cournot

oligopoly, highlighting and clarifying the aforementioned considerations. The second goal is

to derive new results on strategic substitutability for the Cournot oligopoly, the oldest and

probably most widely used single model in modern economic analysis. In particular, our

results fully clarify the relationship between Novshek’s (1985) cardinal approach and Amir’s

(1996a) ordinal approach to the same issues. Furthermore, in a broader perspective on the

use of the lattice-theoretic methodology for comparative statics, the insights presented in

1See also Vives (1990), Milgrom and Roberts (1990), and Shannon (1995).
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the present analysis are actually relevant for many potential applications of the theory, as

they shed light on the limitations of this approach to monotone comparative statics on the

necessity side, in the context of an elementary and well-known model.

The findings of this paper may be summarized as follows. Our main result provides a

necessary and sufficient condition for strategic substitutability of Cournot outputs, i.e., for

each firm’s best reply to be decreasing in rivals’ total output: Log-concavity of the net-of-

cost inverse demand function between the monopoly’s optimal and zero-profit outputs. (This

condition was shown in Amir, 1996a to be sufficient for ordinal substitutability of profits.)

Without the latter restriction on the range of output levels, it is shown by counter-example

that the log-concavity of the inverse demand function is not even a critical sufficient con-

dition for strategic substitutability, that is, a sufficient condition without which the desired

monotonicity conclusion would fail to hold globally for a particular unit cost2. Furthermore,

we identify new appropriate monotone transformations of the profit function that can un-

cover cardinal complementarity when Novshek’s and Amir’s sufficient conditions both fail.

Finally, several illustrative examples are provided.

From the perspective of industrial organization, the issue of strategic substitutabil-

ity/complementarity of Cournot outputs is widely known to be of critical importance in sev-

eral different contexts. It is shown in Bulow, Geneakopolos and Klemperer (1985) that firms

may rely on idle capacity to deter entry only in Cournot oligopolies characterized by local

strategic complementarity (see Amir, 1996a for sufficient conditions for the latter). Whether

Bertrand equilibrium outcomes are more efficient than their Cournot counterparts depends

on the strategic complementarity/substitutability properties of the two models (Amir and

Jin, 2001.) Endogenous timing outcomes also depend critically on the same issue (Hamilton

and Slutski, 1990, Amir, 1995 and Amir and Grilo, 1999). Many other examples can be

given (e.g. Athey and Schmutzler, 2001) emphasizing the importance of the main issue at

hand to various debates in industrial economics (for more on this, see Vives, 1999).

This paper is organized as follows. The next section reviews the related literature on the

topic. Section 3 contains the main result of the paper. Section 4 explores the role of (new

classes of) monotone transformations of profits, and Section 5 deals with critical sufficient

conditions. An appendix provides the proof of the main result.

2The general notion of critical sufficient condition was introduced in Milgrom and Roberts (1994) and

Milgrom and Shannon (1994). The particular notion used in the context at hand is due to Topkis (1995).
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2 Sufficient Conditions for Nonincreasing Best-Reply

Consider a Cournot firm producing an output level x ≥ 0, using a linear cost function C(x) =

cx. With y ≥ 0 denoting the cumulative output of all its rivals and P : [0,∞)→ [0,∞) the

inverse demand function, the firm’s profit function is given by

Π(x, y) = x[P (x+ y)− c].

The firm’s best-reply or reaction correspondence is defined as usual by

r(y) , arg max{Π(x, y) : x ≥ 0}.

As our focus here is on the properties of one firm’s optimal reaction, we omit firm subscripts

throughout for simplicity of notation, although no symmetry assumption is made.

The following assumption is in effect throughout the paper, unless otherwise indicated.

(A) P (·) is twice continuously differentiable and satisfies: P ′(·) < 0, and P (∞) ≤ c < P (0).

The restriction to linear costs is very convenient and allows for neat statements of all our

results. Yet, the essential nature of the analysis coud be extended to more general cost

functions, at the expense of complexity of the needed conditions (see Section 6.1.)

The issue of strategic substitutability of Cournot outputs has been extensively investi-

gated in the oligopoly theory literature. It is at the heart of existence and uniqueness results3

in addition to being a central feature in characterizing the nature of equilibrium outcomes

in several settings in industrial organization (see the Introduction.)

Novshek (1985) showed that Π has nonincreasing differences in (x, y), i.e. that Π satisfies

the cardinal dual-complementarity condition: For all x′ ≥ x, y′ ≥ y,

Π(x′, y′)− Π(x, y′) ≤ Π(x′, y)− Π(x, y)

if and only if4

∆c , P ′(x) + xP ′′(x) ≤ 0,∀x ≥ 0. (1)

Amir (1996a) showed that Π has the dual single-crossing property in (x; y), i.e. Π satisfies

the ordinal dual-complementarity condition in (x; y): For all x′ ≥ x, y′ ≥ y,

Π(x′, y)− Π(x, y) ≤ 0 =⇒ Π(x′, y′)− Π(x, y′) ≤ 0,

3The same holds for games with strategic complementarities more broadly; See e.g. Athey (2001) and

Echenique (2003) in addition to the studies already mentioned.
4More precisely, he showed that since P ′ < 0, ∂2Π(x, y)/∂x∂y = P ′(x + y) + xP ′′(x + y) ≤ 0 for all

x, y ≥ 0 if and only if ∆c ≤ 0 for all x ≥ 0.
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if P (·) is a log-concave function, or equivalently if

∆o , P (x)P ′′(x)− P ′2(x) ≤ 0,∀x ≥ 0. (2)

While either condition is sufficient for the conclusion that r is a descending correspondence

- so that its maximal and minimal selections r and r are both nonincreasing functions of y -

neither is necessary. Indeed, both Topkis’s and Milgrom-Shannon’s monotonicity theorems –

the respective results invoked in the pair of results above – provide only sufficient conditions

for monotone argmax’s in parametric optimization problems with a fixed constraint set5.

Furthermore, since cardinal complementarity implies ordinal complementarity, one might

expect (2) to be a more general condition than (1). However, neither condition is a priori

stronger than the other6. Indeed, P (x) = e−x satisfies (2) as a limit case (i.e. with equality

throughout) but fails (1), while the opposite holds for P (x) = − log x for x ≤ 1 and 0 for

x ≥ 1. Other examples are easily given, going either way.

Not surprisingly, conditions (1) and (2) also have different economic interpretations. As

given in equivalent form in Footnote 2, condition (1) says that the firm’s marginal revenue

is decreasing in rivals’ output (which is not the same as saying that marginal revenue is

decreasing in own output.) On the other hand, condition (2) says that the firm’s perceived

inverse demand elasticity is decreasing in rivals’ output. Indeed, with

∈ (x, y) ,
dP (x+ y)

dx

x

P (x+ y)
,

one clearly has

∂ ∈ (x, y)/∂y = x
P ′′(x+ y)P (x+ y)− P ′2(x+ y)

P 2(x+ y)
≤ 0

if and only if (2) holds. Viewed via these respective economic interpretations, both conditions

are quite general and plausible for Cournot competition. Particularly noteworthy is the fact

that these conditions are independent of the properties of the firm’s cost function.

In conclusion so far, it seems reasonable a priori to keep both Conditions (1) and (2) on

equal footing, as alternative tests implying that the reaction correspondence r is descending.

In fact, it turns out that either condition can be locally stronger than the other, depending

on whether we are to the left or the right of the (unique) optimal monopoly output, as

5If monotonicity of the argmax is with respect to both the parameter and the (variable) constraint set,

then Milgrom and Shannon (1994) do provide necessary and sufficient conditions.
6I am grateful to William Novshek for pointing this out to me.
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shown in Lemma 2 below. The rest of the paper provides an extensive exploration of the

relationship between these two sufficient conditions.

3 A Full Characterization of Monotonicity

This section provides necessary and sufficient conditions on the primitives of the Cournot

model for downward-sloping (single-valued) best-responses. Some known results are included

for the sake of a self-contained exposition. We begin with an intermediate fact of indepen-

dent interest, extending a classical result on symmetric Cournot oligopoly (McManus, 1964,

Roberts and Sonnenschein, 1976 and Amir and Lambson, 2000).

Lemma 1: All the slopes of r are > −1, i.e. r1−r2
y1−y2 > −1,∀ y1 �= y2, r1 ∈ r(y1), r2 ∈ r(y2).

Proof of Lemma 1: With the change of variable z = x + y, the best-response prob-

lem may be viewed as max {(z − y)[P (z)− c] : z ≥ y} . Since this maximand is strictly log-

supermodular in (z, y), any selection of the argmax z∗ will be nondecreasing in y (Topkis’s

Theorem). Furthermore, since the cross-partial of the maximand with respect to z and y

is = −P ′(z) > 0 (from Assumption A), we know from Amir (1996b) or Edlin and Shan-

non (1998) that z∗ is even strictly decreasing in y ∈ [0, P−1(c)]. Equivalently, since r(y) =

z∗(y)− y, all the selections of r will have slopes > −1.�

The following simple observation clarifies the relationship between ∆o and ∆c and is at

the heart of our main result below. Let qm be the largest optimal monopoly output.

Lemma 2: Assume (A1) holds, and let ∆̂o , [P (x)− c]P ′′(x)− P ′2(x).
(a)∆c ≤ 0,∀x ≥ 0 =⇒ ∆̂o ≤ 0, ∀x ≥ qm, with qm being the unique optimal monopoly output.

(b)∆̂o ≤ 0,∀x ≥ 0 =⇒ ∆c ≤ 0, ∀x ≤ qm, with qm being the unique optimal monopoly output.

Proof of Lemma 2: From Assumption (A), the optimal monopoly outputs must be interior

and satisfy the first-order condition P (x) + xP ′(x) = c.

(a) Let ∆̂o ≤ 0,∀x ≥ 0. From Amir (1996a), qm is unique (since r is single-valued with

all slopes in [0, 1]). Fix any x ≥ 0. If P ′′(x) ≤ 0, then clearly ∆c ≤ 0, and we are done.

So assume P ′′(x) > 0. For x ≤ qm, P (x) + xP ′(x) ≥ c or P (x) − c ≥ −xP ′(x). Then

0 ≥ ∆̂o = [P (x)− c]P ′′(x)−P ′2(x) ≥ −xP ′(x)P ′′(x)−P ′2(x), or dividing across by −P ′(x),
we get ∆c ≤ 0. Since x was arbitrary, this settles (a).
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(b) Let ∆c ≤ 0,∀x ≥ 0. From Novshek (1985) and Lemma 1, r is single-valued with

all slopes in [0, 1], so qm is unique. As before, assume P ′′(x) > 0 (or else we are done).

For x ≥ qm, P (x) + xP ′(x) ≤ c or x ≥ [c − P (x)]/P ′(x). Now 0 ≥ P ′(x) + xP ′′(x) ≥
P ′(x) + P ′′(x)[c− P (x)]/P ′(x). Multiplying across by P ′(x) yields ∆̂o ≤ 0.�

In other words, ∆̂o ≤ 0 is more (less) general than ∆c ≤ 0 for those x’s for which a

monopolist’s marginal revenue, P (x) + xP ′(x), is below (above) marginal cost c. But along

an optimal reaction, we know from Lemma 1 that the total outputs that are actually reached

are all larger than qm. This observation leads to our main result, providing necessary and

sufficient conditions for r(·) to be downward-sloping (with the proof in Appendix7):

Theorem 3: Assume (A), and let q , P−1(c). Then r(·) is a strictly decreasing (single-

valued) function on (0, q] if and only if P̂ (·) , P (·) −c is strictly log-concave on [qm, q].

The theorem allows for multiple optimal monopoly outputs, so that monotonicity of r on all

of [0, q] need not obtain (in view of Lemma 1). To illustrate Theorem 3, first consider one

of the examples mentioned earlier:

Example 1: Let P (x) = − log x for x ≤ 1 and 0 for x ≥ 1, and let c = 0.

The best-response problem is: max{−x log(x + y)}. The first-order condition is − log(x +

y) − x/(x + y) = 0. While this cannot be solved in closed-form, the monopoly output is

easily found (upon setting y = 0) to be qm = r(0) = e−1 � .368. It is easily verified that (1)

holds as ∆c ≡ 0, while (2) fails as ∆o = −(log x+1)/x2 > 0 for small x. On the other hand,

∆o ≤ 0 if and only if x ≥ qm = e−1. In particular, ∆o = 0 when x = qm = e−1!

Thus, this example nicely captures the tightness of the iff conditions of Theorem 3.

To provide some insight on the assumptions of Theorem 3, observe that with smoothness,

log-concavity of P̂ (·) is equivalent to

∆̂o , P̂ (·) P̂ ′′(·) − P̂ ′2(·) = [P (·) − c]P ′′(·)− P ′2(·) ≤ 0 on [qm, q]. (3)

It is easily seen that P log-concave implies P̂ log-concave, while the converse need not

hold. In other words, incorporating (linear) costs always introduces a shift in favor of

7As the assumptions of Theorem 3 imply the quasi-concavity of Π in own output, the standard compar-

ative statics method may actually be used with little loss of generality here. One would then arrive at the

conclusion that r′(y) > 0, which is slightly stronger than strict monotonicity of r(·). Nonetheless, we give a

general proof with the flavor of lattice-theoretic arguments, as it may be of use in other settings.
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log-submodular profits or downward-sloping reactions. This is discussed in some detail in

Amir(1996a), from which we reproduce the following illustrative example:

Example 2: Let P (x) = (x+ 1)−1 and c = 1/4.

Then qm = arg max {x(x+ 1)−1 − x/4} = 1, and q = P−1(1/4) = 3. Note that (2) fails for

all x as ∆o = (x+ 1)−4 > 0,∀x, while (1) fails for x > 1 since ∆c = (x− 1)/(x+ 1)3, but (3)

holds as P̂ P̂ ′′− P̂ ′2 = 2(1− x)/4(x+ 1)2 ≤ 0 for x ∈ [1, 3]. In particular, P̂ P̂ ′′− P̂ ′2 > 0

for x ∈ [0, 1). A quick computation shows that r(y) = 2(y + 1)1/2 − y − 1 for y ≤ 3, and

0 for y ≥ 3. It is readily checked that r is indeed nonincreasing for all y, in accordance

with Theorem 3. Furthermore, since P is log-convex here, according to [Amir (1996a),

Theorem 3.2], r would be upward-sloping everywhere if c were equal to 0, as can be easily

verified. Thus, as c changes from 0 to 1/4, r goes from being upward-sloping globally to

being downward-sloping globally, with an upside-down U shape for intermediate values of c.

A detailed discussion of the scope and limitations of this theorem is provided next. As

will become clear in the proof, under the given assumptions, r is (essentially) a decreasing

contraction on (0,∞). The special structure of the Cournot model is fully exploited here to

arrive at necessary and sufficient conditions for monotone comparative statics. The theorem

offers clear-cut insight into the failure of Conditions (1) and (2) to be necessary. If the set of

points at which (2) must hold is suitably restricted to reflect that, along an optimal response

of the firm at hand, not all total output levels are reachable, then (2) becomes a necessary

condition as well. This is not surprising: since outputs below the monopoly level are never

reached as the firm optimally reacts to any total output y by its rivals, there is no need to

impose any restrictions on demand for those outputs, provided qm is known and fixed.

Interestingly, a similar statement cannot be made about Condition (1). To see this, check

that in Example 1, ∆c ≤ 0 iff x ≤ 1, so that ∆c ≥ 0 on [1, 3], the latter being the set of total

outputs that are actually reached along a (nonzero) optimal reaction! Thus, in this qualified

sense, one might view the condition on P associated with the ordinal complementarity of Π

as being more general that its analog yielding the cardinal complementarity of Π.

The only drawback of Theorem 3 is that, in a practical application, it requires the a priori

knowledge of qm and q before it can be of marginal value over Condition (2). In particular,

qm is not really a primitive of the model. Nonetheless, in many cases (such as Example 1

above), given P and c, calculating qm = r(0) may be much easier than finding all of r. For

cases where the latter statement as well as (1) and (2) do not hold, developing alternative
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tests (not relying on the knowledge of qm ) for decreasing best-responses becomes desirable.

This leads us back to a well-known trick in supermodular optimization.

4 Monotone Transformations of the Profit Function

This section explores the possibility that a suitably chosen monotone transform h of Π might

lead to an outcome satisfying the cardinal complementarity condition globally when both

conditions (1) and (2) fail to hold (globally), and when reliance on the knowledge of qm is

not desirable or possible. The existence of such an h would imply that the original Π satisfies

the ordinal complementarity condition, so that r is nonincreasing. This is a convenient test,

as cardinal complementarity of h ◦ Π is easily checked here via Topkis’s cross-partial test.

We propose to investigate the effects of the following monotone transformations from

[0,∞) to [−∞,∞) : h1(x) = log(ax+ b), with a ≥ 0, b > 0 and h2(x) = xα/α; for all real α.

It can be verified that h1 ◦ Π has nondecreasing differences in (x, y) if and only if8

∆1 , ax2[P (x+ y)P ′′(x+ y)− P ′2(x+ y)] + b[P ′(x+ y) + xP ′′(x+ y)] ≤ 0. (4)

Since the LHS of (4) is essentially a weighted combination of ∆o and ∆c, it is reasonable to

expect that it may be globally ≤ 0 when neither ∆o and ∆c is, particularly in light of the

following observation: it can be seen by inspection that (1) tends to hold for small values of

x and fail for large values of x, while the opposite holds for (2). Playing with the weights

(a, b) naturally adds some flexibility in attempting to satisfy (4).

Likewise, h2 ◦ Π has nondecreasing differences in (x, y) if and only if

∆2 , x[P (x+ y)P ′′(x+ y)− P ′2(x+ y)] + αP ′(x+ y)[P (x+ y) + xP ′(x+ y)] ≤ 0, (5)

or equivalently,

P (x+ y)[P ′(x+ y) + xP ′′(x+ y)] + (α− 1)P ′(x+ y)[P (x+ y) + xP ′(x+ y)] ≤ 0. (6)

As the RHS of (5) combines ∆o with the firm’s marginal revenue P (x+ y) + xP ′(x+ y), it

follows from Lemma 2 that (5) can hold when (2) does not (i.e. for small values of x and y)

for α > 0. The alternative form (6) essentially combines ∆c with marginal revenue, so that

(6) may hold when (1) does not (for large values of x and y), when α < 1, from Lemma

8The argument of Footnote 3 allowing for the suppression of the extra argument y is not possible here.
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2 again. The transformation h2 encompassses many special cases of interest obtained with

special values of α. In particular, α = 1 and α = 0 correspond respectively to the identity

and the log transforms, thus yielding Tests (1) and (2) as special cases.

To illustrate the use of Conditions (4) and (5) when both (1) and (2) fail, consider:

Example 3: Let P (x) = 10e−x+3−x, for x ≤ 3.35 and 0 for x > 3.35, and let c = 0. Then

we have P ′(x) = −10e−x − 1 and P ′′(x) = 10e−x. It follows that

∆c = 10(x− 1)e−x − 1 and ∆o = 10(1− x)e−x − 1

Since ∆c > 0 iff 1.41 < x < 2.99 and ∆o > 0 iff x < .783, neither (1) nor (2) holds globally,

and thus Π satisfies neither global test, for cardinal or ordinal complementarity.

On the other hand, taking a = b = 1 in (4), we have (with Ψ(x, y) , {(x, y) : x+ y ≤ 3.35})

∆1 = −10[(x− 1)2(x+ 1) + yx2]e−x−y − 1− x2 < 0, for all (x, y) ∈ Ψ,

implying that h1◦Π has strictly decreasing differences in (x, y), and hence that r is downward-

sloping. (This conclusion is fully compatible with Theorem 2, since ∆o < 0 for all x ∈ [qm, q]

where q = P−1(0) = 3.35 and the monopoly output qm = argmax(10xe−x + 3x− x2) � 1.2.

It is easy to check that this example is also consistent with Lemma 2.)

Similarly, a short computation shows that with α = .2 in (5), for all (x, y) ∈ Ψ,

∆2 = (16x− 10x2 − 10xy − 8 + 2y)e−x−y − . 6x− 20(1− x)e−2(x+y) − . 6 + . 2y ≤ 0,

from which we also conclude that r is nonincreasing.

This list of monotone transformations that may lead to successful complementarity tests

in a global sense is by no means exhaustive. Others include: e−αx,−∞ < α < ∞, and

ax + b log x, a ≥ 0, b ≥ 0, the latter leading to a test similar to (4), as it clearly combines

(1) and (2) as well (through its first and second terms respectively.)

5 Critical Sufficient Conditions

Another fruitful concept of sufficiency that has been developed in the new theory of monotone

comparative statics is that of critical sufficient condition (Milgrom and Shannon, 1994 and

Milgrom and Roberts, 1994). The key idea is to specify a broader context or a family of

models including the exact model under consideration as a special case, and then require
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that the desired monotonicity condition hold for all elements (or models) of the context. A

sufficient condition that is necessary for the desired monotonicity conclusion to hold for the

latter (broader) requirement is termed critical.

In the context at hand, following Topkis (1995), a natural version of this concept would

amount to asking the following question for each potential sufficient condition: Suppose the

condition in question fails to hold, will there necessarily exist at least one firm, or one specific

unit cost c, such that the resulting optimal reaction r(·) is not globally nonincreasing?

The answer is negative for both conditions (1) and (2), as is neatly demonstrated via the

following counter-example.

Example 4: Let P (x) = (3− x)/(1 + x) for x ≤ 3 and P (x) = 0 for x > 3, and c = 0.

This demand function is strictly decreasing while interior. The reaction curve is single-valued

and given by r(y) = 2(y + 1)1/2 − y − 1 for y ≤ 3, and 0 for y ≥ 3, which is easily seen to

be decreasing. One obtains qm = r(0) = 1 and q = P−1(0) = 3. A simple calculation shows

that, in accordance with Theorem 3,

∆o = 8(1− x)/(1 + x)4 ≤ 0 if and only if x ≥ 1(= qm).

Likewise,

∆c = 4(x− 1)/(1 + x)3 ≥ 0 if and only if x ≥ 1(= qm).

Hence, for this example, tests (1) and (2) both fail, although r(·) is globally decreasing. By

going from c = 0 to any c > 0, we know from the above analysis that r(·) will, a fortiori,

remain nonincreasing (cf. (3)), as can also be checked with a simple computation. Hence,

no firm (i.e. no unit cost c) exists for which r(·) fails to be globally decreasing.

This establishes that neither (1) nor (2) is a critical sufficient condition for decreasing

optimal reactions in Cournot competition.

6 Extensions and Conclusions

This section presents the scope for possible extension to Cournot oligopoly with nonlinear

costs, as well as some lessons of general interest that can be drawn from this special case

bearing on the general methodology of lattice-theoretic comparative statics.
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6.1 Extension to more General Costs

While the case of linear costs plays a central role in industrial organization, it remains

desirable to know whether the analysis of the present paper could be extended to more

general cost structures. There are two related properties of the Cournot model with linear

costs that make the extensive characterization presented here possible. We now discuss the

scope for extension of each of these two properties. While, as argued below, the first of these

properties does extend quite broadly, the second does not quite generalize, as the requisite

condition for it is not as neat or as easily verifiable as in the linear-cost case.

The first of these properties is that the reaction curve has all its slopes above −1 (i.e. the

property in Lemma 1), independently of the second-order characteristics of the demand func-

tion. This property is known to hold whenever the modified objective {(z − y)[P (z)− c] : z ≥ y},
following the change of variable z = x+y, is (strongly) supermodular in (z, y), as in the proof

of Lemma 1. As is easily seen using the cross-partial test, the latter condition is equivalent

to (see Amir and Lambson, 2000 for details):

−P ′(z) + C ′′(z − y) > 0 for all z, y such that z ≥ y.

This is always satisfied for convex costs, but may also work for a globally concave cost

function, provided it is not too concave (see Amir and Lambson, 2000 for such an example.)

Under this condition, it continues to be true here that only total outputs in [qm, q] are

reached along an (interior) optimal reaction.

Assuming the above condition holds, the other nice property of the model with linear

costs is that one can state the key minimal sufficient condition, that P (·)− c is log-concave,

without direct reference to the optimal reaction curve r(·). As r is then one-to-one and onto,

one knows exactly the range of total output along an optimal reaction. Now, with a more

general cost function, letting A(x) , C(x)/x being the average cost curve, and writing the

profit function as Π(x, y) = x[P (x + y) − A(x)], one sees that the desired condition is the

log-submodularity of P (x + y) − A(x) in (x, y). In differential form along an optimal path,

the latter condition amounts to: For all y > 0 (and r(y) + y > qm),

P ′′(r(y) + y)[P (r(y) + y)− A(r(y))]− P ′(r(y) + y)[P ′(r(y) + y)− A′(r(y))] ≤ 0.

Verifying this condition exactly does require the knowledge of the optimal reaction curve, a

complicating feature not present in the case of linear costs.
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6.2 Concluding Remarks

The analysis presented here suggests several potential alternatives when invoking the general

methodology of lattice-theoretic comparative statics for a particular application. The first

is to treat the respective conditions on the primitives of the model at hand stemming from

the cardinal and the ordinal notions of complementarity as two alternative sets of sufficient

conditions (e.g. for the Cournot model, assume demand satisfies either (1) or (2)). This

would suggest that for economic applications of the theory of supermodular optimization,

the cardinal approach ought to retain major importance, particularly when one takes into

account the ease of the differential test and the preservation of the cardinal complementarity

conditions under common operations used in forming objective functions. The second option

is to impose the conditions associated with ordinal complementarity in a local sense, along a

relevant subset of the parameter-decision space. This would typically require a lot of special

structure and may not lead all the way to a set of necessary conditions. The third option

is to find a suitable monotone transformation of the objective function at hand, that brings

about its cardinal complementarity. The scope and limitations of these options have been

instructively illustrated here for the special case of the Cournot model.

7 Appendix: Proof of Theorem 3

We prove the two directions of implication separately.

(a)⇐=: Assume P is log-concave on [qm, P
−1(c)]. Given cumulative output y by its rivals,

the firm’s outputs in (P−1(c)− y,∞) are all strictly dominated by the output 0, as they all

yield stricly negative profit. From Lemma 1, any selection r̃ of r is such that r̃(y)+y is strictly

increasing in y, so that in particular, r̃(y)+y ≥ max {r(0)} , qm, or r̃(y) ≥ qm−y, for all y >

0. All together then, r(y) ⊆ Σy , [qm−y, P−1(c)−y] for all y ∈ (0, P−1(c)]. Hence, the firm’s

best-response problem may be restated as max {x[P (x+ y)− c] : qm − y ≤ x ≤ P−1(c)− y},
excluding only (potential) optimal choices at y = 0 other than qm. Taking the log of this

objective yields log x+log[P (x+y)−c], which is easily seen to have nonincreasing differences

in Σ , {(x, y) : x ∈ Σy and 0 < y ≤ P−1(c)} since log[P (·) − c] is concave on [qm, P
−1(c)].

Since Σy is clearly descending in y, we conclude from Topkis’s Theorem that r is descending

on (0, P−1(c)]. Together with Lemma 1, this implies r(y) is a single-valued function with all

slopes in [0,−1), for y > 0.
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To show the slopes of r are < 0 on (0, q], first observe that qm > 0 since P (0) > c.

Hence r(·) > 0 on [0, q]. Then, proceed by contradiction and assume r has a 0 slope, i.e.,

that 0 < r(x1) = r(x2) , a for some x1 < x2 in (0, q]. Then r(·) = a on [x1, x2], and from

the first-order condition, P (x + a) + aP ′(x + a) = c for all x ∈ [x1, x2]. Differentiating

w.r.to x yields P ′(x+ a) + aP ′′(x+ a) = 0, or after substitution of the first-order condition,

[P (x + a) − c]P ′′(x + a) − P ′2(x + a) = 0, ∀x ∈ [x1, x2]. Hence, [P (x + a) − c] is log-linear

for x ∈ [x1, x2], a contradiction to the strict log-concavity of P (·)− c . Hence, the slopes of

r are all in (0,−1).

(b) =⇒: Assume r is a strictly decreasing function for y > 0. Since the conclusion of

Lemma 1 still holds here, we know r has all its slopes in (0,−1), so that r is continuous

and single-valued, and r(y) + y is strictly increasing. Let (x1, y1) > (x2, y2) be fixed such

that x1 + y1 ≤ q and (say) x2 + y1 < x1 + y2 . Then there exists a four-point set {a, b, c, d}
such that a < b < d < e, a + r(a) = x2 + y2 < b + r(b) = x2 + y1 < d + r(d) = x1 + y2 <

e+ r(e) = x1 + y1, so that

[a+ r(a)] + [e+ r(e)] = [b+ r(b)] + [d+ r(d)]. (7)

All we need to show is that

[P (a+ r(a))− c][P (e+ r(e))− c] < [P (b+ r(b))− c][P (d+ r(d))− c]. (8)

Given the restrictions on a, b, d, e and the properties of r, there are only two possible ways

to order the following 4 quantities: Either

r(d) < r(e) + e− d < r(a) + a− b < r(b), (9)

or

r(a) + a− b < r(d) < r(b) < r(e) + e− d. (10)

Case 1 : Assume (9) holds.

Since r(·) is a single-valued best-reply function, and r(d) �= r(e) + e − d > 0 by (9), we

know that deviating from r(d) to r(e) + e− d will yield a loss, i.e.,

r(d)[P (r(d) + d)− c] > [r(e) + e− d][P (r(e) + e)− c]

Likewise, since r(b) �= r(a) + a− b > 0, we have

r(b)[P (r(b) + b)− c] > [r(a) + a− b][P (r(a) + a)− c].
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Multiplying the 2 inequalities side by side yields

r(b)r(d)[P (r(d)+d)−c][P (r(b)+b)−c] > [r(a)+a−b][r(e)+e−d][P (r(e)+e)−c][P (r(a)+a)−c].
(11)

Next observe that

r(b)r(d) < [r(e) + e− d][r(a) + a− b], (12)

which follows from the fact that the two LHS terms have the same sum as the two RHS

terms by (7) but are closer together by (9).

Combining (11) and (12), (8) clearly follows, and we are done.

Case 2 : Assume (10) holds.

Relative to (9), the fact that (10) holds indicates that b and d are too close to each other

(this can be seen e.g. by moving the points b and d apart in Figure 1.) The idea of the proof

for this case is to apply the argument of Case 1 recursively so as to move b and d apart. To

this end, define b′ and d′ such that a < b′ < b < d < d′ < e and the (ordered) four point set

{a, b′, d′, e} satisfies (7) and (9), i.e. with b′ and d′ replacing b and d respectively. From the

proof of Case 1, we conclude that that the four point set {a, b′, d′, e} satisfies (8).

Next, consider the (ordered) four point set {b′, b, d, d′}. If it satisfies (9), repeat the

argument of Case 1 to show that {b′, b, d, d′} satisfies (8). Together with the fact that

{a, b′, d′, e} also satisfies (8), this implies the desired conclusion by the obvious transitivity

of property (8). If {b′, b, d, d′} satisfies (10) instead of (9), repeat the entire argument of

Case 2 by defining b′′ and d′′ such that b′ < b′′ < d′′ < d.

That this process eventually produces two ”good” points is guaranteed by the fact that

r is continuous and strictly decreasing. The conclusion will then follow from Case 1 again.�
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