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Abstract

We first analyze an economy in which there are no institutions to carry out environmental policy.
We refer to this economy as the business-as-usual (BAU) economy. In the long run, a negative
demographic shock increases the households’ welfare through higher environmental quality, while
lifetime consumptions are unchanged. On the transition, a negative demographic shock permanently
and monotonically increases the environmental quality. It sets the individual lifetime income, and thus
consumptions, on an inverted-U path. This process is only temporary since long run consumptions
remain unchanged. In a second step we introduce property rights on the environment. We assume the
existence of a fund which is responsible of selling to the firms the property rights of the households
each period. We study the effects of a demographic shock in this economy with property rights. In
the long run, a negative demographic shock increases the households’ welfare through higher lifetime
consumptions while environmental quality is unchanged. On the transition, environmental quality
remains unchanged while capital intensity first falls below the pre-shock level and then increase untill
it reaches the higher post-shock level.
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1 Introduction

The use of permits in the design of environmental policies has recently received a great deal of attention
in economic research. Most of the time economists are interested in disentangling the interplay between
growth and policies aiming at reducing pollution and in designing policies to re-establish economic opti-
mality (se e.g. Jouvet,Michel and Rotillon (2005), Lambrecht (2005) and Ono (2002)). To enhance the
knowledge of the ins and outs of permits-based or property rights-based environmental policies, investi-
gations should also be oriented towards the re-assessment of the effects of non-environmental shocks or
policies.

The motivation of this paper is the following: What are the effects on the agents’ welfare of a
change in the population size, when a fixed volume of property rigths on the environment is issued each
period to stabilize emissions. More precisely, how do these effects compare with those observed in an
economy without environmental policy, a business-as-usual (BAU) economy? It is shown that a negative
demographic shock positively affects the individuals’ welfare in both the BAU economy and the one
with property rights, but in distinctive fashions: through the rise of environmental quality in the BAU
economy, through the rise of income and consumptions in the economy with property rights.

In the literature, Gerlagh and van der Zwaan (2001) and Ono and Maeda (2001) are two papers
dealig with the question of population size variations in economies with environmental policies. In
an overlapping generations (OLG) model, Gerlagh and van der Zwaan (2001) stress the importance
of demographic changes and environmental policies for the evolution of interest rates in the long run.
The design of public institutions, namely grandfathering versus a trust fund, has significant effects on
the interest rate and thus on the efficient greenhouse gas emissions reduction. Ono and Maeda (2001)
use an OLG model with uncertain lifetimes and show that if the relative risk aversion with respect to
consumption in old age is low enough ageing has a positive effect on environmental quality.

In this paper, we also look at the implications for capital accumulation and environmental quality of
a demographic change. We model an OLG economy with an environmental externality and a constant
population. We study the effects of a unique and once-and-for-all decrease in the population size in two
alternative cases: (i) the BAU economy and (ii) the economy with property rights.

The paper is organized as follows. Section 2 describes the evolution of environmental quality across
time. Section 3 studies the BAU economy , starting with the analysis of the equilibrium and then the
assessment of the short and long run effects of a negative demographic shock. Section 4 introduces
environmental policy through the issue, each period, of property rights on the environment and compares
the effects of the demographic shock under this hypothesis with the conclusions in the BAU economy.
Section 5 concludes.

2 Greenhouse gas concentrations and environmental quality

We consider a competitive economy with overlapping generations. Time is discrete : t = 0,1,2,... + 00
and agents have perfect foresight. The population size is constant at the level N. We rule out the study
of the behavior of labor supply by assuming that individuals inelastically supply one unit of labor on the
labor market.

The activity of firms results in emissions of greenhouse gas (GHG) which accumulate in the atmosphere
and are responsible of global climate change. Although carbon dioxyde is the most often considered GHG,
there are many other types of GHG with different temporal behaviour. The concentrations of these GHG
in the atmosphere is modelled here as a single stock M; > 0. The equation which governs the evolution
of the GHG concentrations M, is the following:

(].) ]\/ft+1 = (]. — 6M) Mt + €Et

The first term of the right-hand side of this equation tells that the current concentrations stock M,
survives in the next period but only up to a fraction 1 — 65;. Thus the parameter 6, is a factor of
natural decay. Alternatively, 65, may be interpreted as the rate at which the climate system renews itself



across time. The parameter € in the second term is the rate at which firms’ emissions F; increase the
concentrations of the next period M.

According to this equation, if GHG emissions are equal to zero each period, the GHG concentrations
tend to zero. This particular steady state corresponds to the case in which the atmosphere is perfectly
pure. On the other hand, the stock of GHG concentrations may be arbitrarily large, even if temporarily.
We are interested only in the range of GHG concentrations which are compatible with human life. This
restricts the set of values which M; can take. We shall assume that there exists a threshold level of GHG
concentrations @) beyond which human life and, hence, the economy disappear.

In this paper, we shall use the notion of environmental quality @; which is linked to GHG concen-
trations M, in the following way. The environmental quality () is defined as the difference between the
threshold concentration @@ and the pollutant stock at time ¢, M; :

(2> Qt:Q_Mt

Therefore the threshold @ can also be interpreted as the highest attainable environmental quality.

From the equation of the stock of GHG concentrations, one derives the equation which governs the
evolution of the environmental quality (multiplying both sides by —1, then adding (1 — §,/) @ to both
sides of the M, stock equation):

(3) Qiy1=(1—=06y) Qi+ 6MQ — €E,

In the absence of emissions, the environmental quality equation is simply: Q1 = (1 —06a) Q¢ + 6 uQ@
and the steady state without emissions is simply: ) = ). When emissions are positive and stationary
(E), the steady state is given by: Q = Q — (¢/énr) E.

3 The business-as-usual economy

We now turn to the description of the economy. We first analyze an economy in which there are no
institutions to carry out environmental policy. We refer to this economy as the business-as-usual (BAU)
economy. In a second step we shall introduce policy instruments like property rights on the environment.

3.1 The BAU equilibrium

In the BAU economy, there is a representative firm which produces one consumption/investment good
according to the following constant returns to scale technology:

(4) Y; = AKS L%

where A > 0 is an index of productivity, Ky > 0 and L; > 0 are capital and labour at time ¢ and
z¢ € (0,1) is the intensity of pollution. We assume 0 < a < 1. Production generates environmentally
harmful emissions

(5) Ey =Yz

with 6 > 0. Alternatively, the intensity of pollution may be written as a function of the ratio between
emissions and output:

B, 1/(146)
(6) ‘= A -«
AKXL,

Pollution is maximum in the absence of policy. This corresponds to the case for which 2; = 1 and implies:
By = AK~L; .



We assume that capital is entirely used in the production process. The representative firm is a price
taker and maximizes its real profit, which is defined by

(7) T = AK?L%_O‘ — ’U.)tLt — Rth

The variables L; and K, are respectively labour and capital demands and w; and R; the real wage rate
and interest factor, i.e. one plus the interest rate r;. The first-order conditions, which characterize the
representative firm’s factor demands, are the usual relations equating each factor marginal productivity
with its prices: w; = (1 — o) Ak® and R, = aAk?™!, where k, = K, /L, is the capital-labor ratio.

In the BAU economy, households supply inelastically one unit of labour to the firm for a real wage
rate wy, pay a contribution 7; to a pay-as-you-go pension system; this contribution is a fraction 7 of their
wage income. Net wage income is allocated to consumption ¢; and savings s;. When old they receive
capital income Ry;15¢, where R4 is the interest factor, and a pension ;4. Since they are selfish, they
entirely consume this old-age income. This is summarized in the youth and old-age budget constraint:

(8) (1 =T)ws = ct + 8¢

(9) Rit18t 4+ 0pp1 = dea

Households derive utility from youth and old-age consumptions, ¢; and d;y; and from environmental
quality Q1. Let their utility be loglinear:

(10) up = (1 = B)log e, + Blogdiy1 + xlog Q41

where 8 € (0,1) is the weight on old-age consumption, and x the weight put on environmental quality.
Households maximize their utility under their budget constraints (8) — (9), taking prices as given. Their
optimal consumption plans are simple fractions of the lifetime income Qy: ¢; = (1 — 8) Q; and dyy1 =
BR:+182, with

(11) Q=(1-7)w + Oui1
t+1

These optimal consumptions are achieved through the following optimal savings:

(12) Se= B0 —Thw, — (1) DL
t+1
In equilibrium, the labour market clears: L; = N. Savings of the young at time ¢ — 1, invested
in capital, constitutes the current period capital stock: Ns;_1 = K;. Equilibrium wage and interest
factor are functions of capital intensity: w’®* (k;) = (1 — a) Ak and R (k;) = aAk® ™', where k; is
the capital per head K;/N. Emissions are equal to output. The pay-as-you-go pension system collects
the amount N7, = N7 (1 — a) flkta of contributions and redistribute them to the contemporaneous old
NO;. Hence the level of pensions is given by 6; = 7 (1 — «) flkzg" The dynamics of capital intensity and
environmental quality are given by:

(13) S T
1+(1-0)7 -
(14) Qir1=(1—6y)Qr+6mQ —eNAK®

where (i) the first equation is obtained by replacing, in k11 = s, savings s; by its expression with
equilibirum prices and pension and (ii) the second equation is obtained by replacing emissions by their
equilibrium expression in the environmental quality equation (3). A steady state of the BAU econ-
omy is a pair (%%, Q") with k** > 0 and Q™ > 0, which solves: k*® = (1 —a) A (k*®)" and
Q™ = (1 —6a) Q™ + 6@ — eNA (K**)® . Here are the expressions of capital per head, pensions,
lifetime income, output per head, aggregate output and environmental quality at the BAU steady state
equilibrium:



1/(1-a)
kba,u _ (1 — T) ﬁ (1 Ifé)a A

1+(1- BT
(1 — ) A (e}
Qo = (1-7) (1 —a) A (k)" +7
ybau _ ;{ (&bau)“
Ybau — NA (kbau)a
Qbau — Q _ LNA (k,bau)a
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(15) 1 - akbau

3.2 A demographic shock in the BAU economy

Suppose that we are initially (¢t = 0) at the steady state equilibrium in the BAU economy: kg = k"%
The ratio of the number of old households (N) over the number of young households (N) is equal to 1.
At time t = 1, the size of the young generation is lower than the size of the old generation. Hence in that
period the structure of the population is as follows: N old households and § N young households, with
6 € (0,1) and the time t = 1 ratio of the number of old over the number of young is 1/6. In subsequent
periods, the population size remains constant at /N young households appearing each period and the old
to young ratio is again equal to 1. We first look at the long run impact of the demographic shock and
then turn to the analysis of the transition.

3.2.1 The long run impact

It is fairly easy to look at the post-shock steady state equilibrium. The households’ utility depends on
both wealth, measured by their lifetime income, and environmental quality.

Proposition 1 In the long run, a negative demographic shock increases the households’ welfare through
higher environmental quality, while lifetime consumptions are unchanged (Proof in appendiz 1).

After the demographic shock, the steady state equilibrium intensity is the same as before: k = kbou.
Long run capital per head remains unchanged. Thus all individual variables like pensions or lifetime
income and consumptions are unchanged. The combination of an unchanged capital intensity with the fall
in the population size implies some variations in aggregate variables, especially a lower aggregate capital
stock. Environmental quality is positively affected since emissions are equal aggregate output which is
equal to the unchanged intensive output A (kb‘“‘)a times the reduced number of young households V.
This is summarized as follows:

l;) — Lbau

é ebau

Q — Qbau
(16) g — ybau

Y = 6Nj < Nybou — ybau
~i77i AN 77i A (pbau)® — Hbau
O0=0 6M5NA(k) > Q- 5o NA(K™)" =Q

As a consequence, even without conducting any environmental policy of pollution abatement, environ-
mental quality increases because of a fall in production. This is simply the consequence of a reduced
availability of labor.

3.2.2 The transitional impacts

It is easy to analyze the transitional impacts.

Proposition 2 On the transition, a negative demographic shock permanently and monotonically in-
creases the environmental quality. It temporarily sets the individual lifetime income, and thus con-
sumptions, on an inverted-U path. This process is only temporary since long run consumptions remain
unchanged (Proof in appendiz 2).



Whether or not the time ¢ = 1 shock is anticipated by the time ¢ = 0 young households, the tran-
sition equation at time ¢t = 0 has the same solution: K; = K;. This is because the present value
of pensions is unchanged. Indeed, there are less young households to finance the elderly’s pensions
(the share of wages taxed to finance pensions is 67 instead of 7) but the present value of the period 1
wages is higher than before because of the increase in the capital intensity K /ON. These two opposite
effects cancel out. So the period 1 aggregate capital stock is unaffected by the future demographic shock:
Kl Ky = K bau

In period 1, the unchanged capital stock K7 is nonetheless divided by a lower young population. The
time t = 1 capital intensity Ky is thus higher then the initial one k***. This increase in the capital per
head implies a higher wage but the saving out of this wage is lower than the time ¢ = 1 capital intensity
because k; lies below the 45° line. Thus the economy sets to a decreasing path and goes back to its initial
position. The transition is summarized in the following:

(17) kl K1 ~> K _ kbau, with K = Kbau;

kg < ]{?1, /433 < ]{?2
8 0, = 67 (1 — o) AkY < 6% (because of decreasing returns to scale)
(18) 02 =7 (1 - ) Akg € (6"",01)

QO _ (1 _ 7*_) (1 _ Oé) ;{ (k,bau)a 4 é’?(la—a) ﬁ Qbau
(19) O = (1-7) (1 —a) Aky + 222 F, > O
(o= (1—7)(1—a)Akg + T0=0f, € (Qo,Ql) ,

i = i >y
20 ol

( ) gQ = Akél € (ybauvgl) ) e

(21) ‘ Yl — (SNA]{JQ < NA (k,bau) _ Ybau

Y2 = (5NA]€2 < (SNAkl = Yl

Q1 (1—06m) Qo+ SmQ — Yt = Qy = QP
(22) Q2= (1—6u)Q1+6mQ — Y1 > Qs
Qs =(1—6ux)Q2+60Q —eYa > Qo ...

4 The economy with property rights on the environment

We now introduce property rights on the environment. We first study the equilibrium and then turn to
the analysis of the impact of a demographic shock.

4.1 The equilibrium with property rights

The property rights are used to implement an emissions ceiling E to which the government is committed
from an international agreement. This ceiling is lower than the BAU steady state level: £ < Eb*% =
NA (kb““)a. We introduce a fund which sells the global volume of rights E to the firms and recycles
its revenues to the households. The setting of the global volume of rights affects the households’ budget
constraints and thus their behavior and it also affects the firms’ behavior. We first describe the activity
of the fund, then we describe what changes in households’ and firms opportunities and behavior.



4.1.1 The fund’s activity

We assume the existence of a fund which is responsible of selling to the firms the property rights of the
households each period. It sells the global volume of rights E to the firms at the price ¢; and recycle
the revenue, ¢;F, to the households, young and old, in an egalitarian way. Since in any time period the
population is 2N each individual receives the following quantities:

E

The total share owned by the young is EY = N&. It is equal to the total share owned by the old E©.
The fund’s budget constraint writes:

(24) @E = 2¢;:Ne

4.1.2 The households’ behavior

With respect to the BAU economy, the households’ budget constraints are modified. In addition to net
wage income, (1 —7)wy, young households receive the income from the rights supplied to the firms by
the fund. The price of one unit of rights is ¢;. When old, they also get the income from the supply of
their rights by the fund at time ¢ 4+ 1 in addition to their capital income. This is summarized by the
following budget constraint

(25) (I =7)w + @& = ¢t + s

(26) Riy15: +0i01 + g1 = dig
The lifetime income now reads:

Or41 + qi+1€

(27) Qt = (1 — F) Wi + Q€ +
Riyq
The households’ savings is given by:
— _ 0 + €
(28) se=B1(1—7)w; + &) — (1 — g) LIS

Rt+1

4.1.3 The firms’ behavior

Firms are obliged to pay for any unit of emissions. Since there is no heterogeneity among firms, all firms
will demand the same amount of rights at the price ¢;. Let F; be the demand for rights expressed by
the representative firm. We need to re-write the production function in order to let appear the three
production factors, capital, labour and emissions. Eliminating z; from the production function, one gets

(29) Y; = AKX LOLEY®

with A = A%040) ap = af/ (1406), ar = (1—a)0/(1+0) and ap = 1/ (1 +0). Note that ax +
ar, + ag = 1. The share of capital and labour in production are reduced with respect to the BAU case:
ag < a and ay, < 1 — a. The firm’s profit is then :

(30) = AK LIV EMP — Ry Ky — w Ly — i By

The maximization of profit implies : R; = ag AkM 1ef® w, = ap A e and ¢, = ag AKX eX= !

with kt = Kt/Lt and ey = Et/Lt.
4.1.4 The equilibrium

In equilibrium, as in the BAU economy, labor and capital markets clear, which imply, respectively, N = L;
and Ns;_1 = K;. Moreover the market of rights must be balanced:

(31) E=FE



Thus equilibrium prices can be written as functions of the capital per young person, k; = K;/N, and of the
constant ratio of emissions per young persons € = E/N, which are generally referred to as capital or emis-
sions “per head”, but actually are per head of young individual: R (ki €) = « KAk?Kflé"‘E, w(k,e) =
arp Ak e and q (k) = ap Ak} e*~1 with k; = K;/N and e = E/N. At last, the level of pensions
is given by: 0; = Tay Ak e*2. and the fund’s budget is balanced:

(32) apAk{¥e*? 1 E = ap Ak} e*P~12Ne

Note that the emissions per head are equal to twice the individual endowments in rights
E E

33 e = — =2 =92 —

(33) CTNTF <2N>

The transition equation of capital intensity and environmental quality are given by:

B(1-may,+ £
(34) kiy1 = (( ) o 2023 Ak}fék eE
TOr + —
1+(1-2) o
(35) Qi1 = (1—6ux)Qr +60Q — cE

A unique steady state equilibrium clearly exists. It is given by:

1
ooy
B((1—F)ap+2E o
k= ( ?fLXL+2(XTE) Ae*E
HA-—
(36) 0 = Tap Ak“xe~e
- ap
Q= (1-7)agAkerers ¢ 720
y = Ak“Ke*E
Y = NAk“xexr
Q=Q-=F

4.2 A demographic shock in the economy with property rights

We assume that we start at time ¢ = 0 at a steady state equilibrium of the economy with property rights.
At time ¢t = 1, the size of the new generation is 6 N, with ¢ € (0,1).

4.2.1 The long run impact

The impact of the demographic shock in the economy with property rights on the environment displays
some differences with respect to the BAU economy.

Proposition 3 In the long run of the economy with property rights on the environement, a negative
demographic shock increases the households’ welfare through higher lifetime consumptions while environ-
mental quality is unchanged (Proof in appendixz 3).

The contrast with the BAU economy is thus clear. Individual welfare also increase but not out of higher
environmental quality. It increases because households are wealthier. In the presence of a fixed emission
ceiling, implemented by selling property rights and redistributing the proceeds to the households, the
negative demographic shock makes the individual share of the fixed production factor larger. Individual
variables like the level of pensions, the lifetime income and output per head increase.

Corollary 4 In the long run of the economy with property rights on the environement, a negative demo-
graphic shock increases output per head but decreases aggregate output. (Proof in appendiz 4)



Let us summarize by the following
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4.2.2 The transitional impacts

The effects of the demographic shock on the transition are given by the following proposition:

Proposition 5 On the transition of the economy with property rights on the environement, a negative
demographic shock leaves environmental quality unchanged, decreases the immediate capital intensity and
then sets the economy on an increasing path towards the new higher steady state equilibrium l%.(Proof in
appendix 5)

The reason why period 0 households immediately react by reducing their capital accumulation is
because they expect an increase in their lifetime income, out of a higher present value of pensions and
income from property rights when old. This effect is however temporary. In subsequent periods, no shock
is expected. But the increased ratio of emissions per head of young households remains and acts as a
positive shock on income per head and thus on the willingness to save.

5 Conclusions

We have first analyzed an economy in which there are no institutions to carry out environmental policy
(BAU economy). In the long run, a negative demographic shock increases the households’ welfare through
higher environmental quality, while lifetime consumptions are unchanged. On the transition, the shock
permanently and monotonically increases the environmental quality. Individual lifetime income, and thus
consumptions, follow an inverted-U path until they are back to their pre-shock level. We then introduced
property rights on the environment and assumed the existence of a fund which is responsible of selling
to the firms the property rights of the households each period. The effects of a demographic shock in
this economy with property rights are the following. In the long run, a reduction in the population size
increases the households’ welfare through higher lifetime consumptions while environmental quality is
unchanged. On the transition, environmental quality remains unchanged while capital intensity first falls
below the pre-shock level and then increase untill it reaches the higher post-shock level.

6 Appendices

1. Proof of Proposition 1
The equation which governs the new steady state equilibrium is the following:

(38) K =6N3
(39) %:ﬁ(l—?)(l—a)ﬁ(%) _(1_5)¥%

It is identical to the pre-shock equation. This implies that the post-shock steady state is k=K /6N is the
same as the pre-shock steady state kP** = Kb /N; so individual lifetime income and thus consumptions
are unchanged. Output per capita is unchanged: Ak® = A (k:ba“)a but aggregate output is lower:

SNAR™® < NA (kb““)a which implies lower emissions since in the BAU economy E =Y. QED.

2. Proof of proposition 2



If the shock had not appeared (or if it were not anticipated), the time ¢ = 1 capital stock would have
verified:

(40) KIZNSO@%:ﬁu_T)a_a)A(%) —(1-8)7

1—O{K1
a N

What changes at time ¢ = 0 if the shock is anticipated by the time ¢ = 0 young households? The transition
equation would read as follows:

(41) K1=N§0®%=%§0

Kliﬁ _ ~ K() @ ].7,3 _(17&)[’4(1
(42) @6—Ng(17)(1a)14<7) - —Ler—UL
(43) @%ﬁ(l%)(la)ﬁ(%) 7(175)%1;a%

The aggregate capital stock K, solution to this equation, is the same as the one above: K; = Kj.
But when divided by the period 1 number of young households, 6 N, a higher capital intensity appears:
ky = K,/8N > K1 /N = k;. So the transition equation in period 0 is unchanged but the period 1 capital
intensity &1 goes up. Since the starting capital intensity was a steady state and the transition equation
is unchanged, the capital intensity k; lies below the 45° line. When the shock appears in ¢ = 1, the
transition equation is unchanged and given by:

~ - }%2 _ ~ f(l “ 71 — KQ
44 Ky =6N —=01-7(l-a)A| =] —-(1- —=
(44 2= N5 & 52 = F(1-7)(1-a) <5N> (1-pr—222
Ky BA-7A(1-a) (K"
45 & —= = Al —=
(45) ON 1+(1—ﬂ)’1?—¥°‘ ON
and the capital intensity goes back to the pre-shock value. QED.
3. Proof of proposition 3
Before the shock, the long run capital stock satisfy:
1
T—agx
—T)a aE
(46) f= | 2Dt ) e
T(XL+_E
<1+(15)T2)
After the shock, the long run capital stock must satisfy:
~ ~ [6'57¢ — = OéE ~
X K _ ag K E\" Tart 5 K
47 K=0Ns§& — = [1— —}A — — -1-p8)———=——
(47) Sesy - A-Dat <6N> <5N> L
E
R R e\ B Tap+ —/
(48) @k:ﬁ[(lf%)aL+a—E]Akak(E) —(1-8) 2 j,
1) [0757¢
1
T—agx
(49) o | paDar )

10



So k > k since k > k < (1/6) > 1. As a result, the lifetime income @ is higher:

(50) 0= [(1—%)aL+a—E} Akex (E)QE Tt g

2 1) [072¢

and thus lifetime consumptions are also higher. Environmental quality is unchanged because the level of
emissions is unchanged

(51) Q=Q-+—E=7
M
QED.

4. Proof of corollary 4 .
Output per head Ak“X is simply higher than before because k > k. As far as aggregate output is
concerned:

. R g\ OF
(52) Y = 6N Ak <§) < NAK°Ke® =y
E\ ¥
: ey
(53) -
TEE (1—ep)(l-ag)—aga
(54) st < VT o olmer < 5§ K o6 e <1

)

l—ag—aptagag—apag apg—a

1— « o
(55) 6 T=oK < 1e§ Tar <ledTer <1 §tas <1

Always true, so we have Y <Y. QED.
4. Proof of proposition 5

e Until time t = 0 the transition equation reads as follows:

(56) Kip1 = Ns;
Ky _ ap KN\ (BN 7io”L_FOZTEKtJrl
o Sesla-narla(y) (§) -0-0—
- K Pl0-Da+ T (N (EY
® v e () (5)
L+(1-5) 2
K

e At time ¢ = 0, if the young households perfectly anticipate the negative shock at time ¢ = 1, the
transition equation reads as follows:

(59) Ky = N3
K, N .
(60) SN~ oN0
2 n OTa —l—aE
K, p ap Ko\“" (EN"" (1=p) 72T 5 K
(61) 5 _5[(1_7)0‘L+ 2}A<N> (N) B ax 6N



5 oTay + — aK aE
Kl (1 - ﬁ) L ap Ko E
(62) ~ 1+ - _ﬁ[a T)aL+2}A = =
N For + ap _
K TALT oo _ ag Ko\“* ( E\“"
(63) 1+ (-8 — ﬁ{(l—T)aL—&- 2]A = =
~ E
(64) ko Alo-mar+ T (K)(E)
N Toy, + adc) N N
1+(1-0) 20
K
It follows that K;/N < K, /N = Ky/N.
At time ¢ = 1, the transition reads as follows:
(65) Ky =6N3
Ky
(66) 6—N = 81
K, _ ap K, BN Tor+ 2 K,
(@7 5_N_ﬁ[(1_7)aL+7]A<5_N> (%) 09—t
N E “ ax
Ky /B [(177—)0¢L+7} K E\*E
(68) =2 = Ny g <_>
ON Tay + ON ON
1+(1- ) 2
ax

To be compared with the transition equation without shock

) K gla-rar+F] A<@>ax<%>a1@

N ?aL+a—E N
1+(1*5)TQ

One can easily see that, in the aggregate output A (f(l/cSN) " (E/SN)**, E/§N > E/N. As far

as K, /6N is concerned, we must know that Ko/N > K1 /N and that K,/6N > K;/N but we do
not know whether K7 /6N > Ky/N. Since Ky = K3, we have:

- () ()"
[1 +(1-5) T%]

m A ()" (8)”
[1 +(1-5) Tzl
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Tar + -
1 1+(1_5) o 20
(72) s> K
6 ?aL+T
1+(1-7)
6774

1 26ax + (1= 0)26Tar + (1= 8)ag
(73) 57 SRax+ 0 —B) 2rar + (1— B ag]

(74) & 2k + (1 - B) 2Far + (1 - B)ap > 26ax + (1 — B) 267ar + (1 — B) ap
(75) & ak + (1— ) Far, > bax + (1 — 8) 67ay,

(76) s1-8ax+1-081-B)Far>0

(77) Saxg+(1—p)Fay >0

which is always true. Thus Kl/ély > Ky/N. So the ranking between Ko/N, K1/N and K, /6N is
the following: K;/N < Ko/N < K;/6N.

As a result, Ko /ON is unambiguously larger than K7 /N and the economy then follows the path
determined by the equation

_ o CNOK |, = ap
- R (U L BN AR )
6N Fag, + == 6N 6N
1+(1*5)T2

and converges to the higher steady state capital stock per head K /6N.
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